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In this thesis, a theorenri-prover based on UIFF-Resolution with eouBlity is 
implemented. The proven is interactive. Due to some conditions leading to 

incompleteness in the original vWj'^r-Resoli./tion equality rule, the rule for 

factoring has been modified. Also, a modified definition of dependenoy of an 

existential u-'ariable is suggested, which is simpler than the earlier one and is 


efficient computationally. Using this definition unification sets will be smaller. 
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Chapter 1 


fsTITODUCTION 


The beauty of a theorem from mathematics, 

the preciseness of an inference rule of logic, 

the intrigue of a puzzle, and 

the challenge of a game — 

all are present in the field of 

automated reasoning 


l.i REASONING AND ITS AUTOHATIDN 


Larry Wos 


Problem-soluing is an essential and dominant part of human activity . A 
problem exists whenever objects must satisfy certain conditions given some set of 
constraints or facts, A solution is a way of satisfying the conditions. Any solution 
to a problem involves some form of reasoning. While we can reason by analogy or 
inductively, conclusions do not necessarily follow from the given facts or 
constraints. Deductive reasoning provides this sort of power. In deductii/e 
reasoning, a set of inference rules are used to obtain statements from a given set 
of facts. Using sound inference rules, new statements derived inevitably follow 
from the given facts. Intuitively, an inference rule is sound if any conclusion 
derived by using it is true whenever the premisses (i.e., the given facts) are true. 
Alternatively, a rule is unsound when a model can be found in which the premisses 
hold, but some conclusion derived from the rule does not. 


1.2 a^IEF OVERVIEW OF THEOREM PROVING USING FESOLlTriON 

Basically, there are two different approaches for proving a theorem. One 
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of them is to start with the set of axioms and arrive at a conclusion. The other is 
the well-known reductio ad absurdum in which we start with a negation of the 
conclusion and derive a contradiction. The latter approach more commonly known 
as a refutation procedure is one on which many of the theorem provers, specially 
those developed during late seventies (1965—70) are based. 


The explosion of interest in the field of automated theorem-proving can be 
traced to Robinson's method of resolution CRob 19651, which is a refutation 
procedure. Host of the theorem-provers in the tradition of the resolution method, 
first convert u/ell-formed-formula (UFF) or sentences of FDPC (First-Order 
Predicate Calculus) axioms and the negated theorem, to a set of clauses. A clause 
is a disjunction of literals, where a literal is a positive or negative atom. 


IJZ.i Resolution Principle 

The resolution principle is a single rule of inference that employs a 
substitution device called unification. Unification is the process of finding a 
substitution that makes two terms identical. The inference rule is complete for 
FOPC. The rule may be stated as follows: 

If AvLi and Bv~L 2 are variable -disjoint clauses (A and B are clauses; Li 
and La are literals), then from AvLi and Bv~L 2 (the parent clauses) deduce 
clause A©vB© (the resoli^ent) where © is a substitution such that Li© and Lg© are 
identical. The substitution © is special in that it is the most general substitution 
that makes Li© and Lj© equal. Thus any substitution that would make these two 
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literals equal; is an instance of This is a powerful tool because it eliminates 
branching of search due to different possible substitutions that make the two 
atoms identical but lead to different clauses. 

One uses the resolution inference rule to generate clauses until for some 
literal L; literals L and are generated. Since their conjunction is a 

contradiction; the original formula is unsatisfiable. 

To illustrate the applioation of the rule, we consider below an example. 
Premises: 

(1) The custom officials searched everyone who entered this country who was 

not a VIP. 

(2) Some of the drug pushers entered this country and they were only searched 

by drug pushers. 

(3) No drug pusher was a VIP. 

Conclusion'- 

Some of the officials were drug pushers . 

Let the predicate symbols be defined as below: 

E(x.> : X entered the country, 

k'(x) : X a VIP, 

Six,y) : y searched X; 

C(x) : X u/as a custom official, 

P(x) 


: X jvas a drug pusher. 
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The FOL iFirst Order Logic) translation of the above problem/ with the negated 
conclusion/ consists of 


Si: 

(V X) [(E(x) A ~k(x)) -♦ 

(3 y) (S(x, y) a C(y))] 

Sj: 

(3 X) [P(x) A E(x) A (V y) 

<S(x, y) P(y))] 

S 3 : 

(V X) [P(x) -4 ~k'(x)] 


S 4 : 

~<3 x) [P(x) A C(x)]. 



Transforming these formulae into clauses, we obtain 


(i) 

~E<x) V k'(x) V S(x, 

f(x)) 

( 2 ) 

~E<x) V k'(x) V C<f(x)) 

<3) 

P(a) 


(4) 

E<a) 


(5) 

~S(a,y) V P<y) 


( 6 ) 

~P(x) V ~V(,x) 


(7) 

~P(x) V ~C<x), 


The 

resolution proof is as follows: 

( 8 ) 

~V(a) 

from (3) and ( 6 ) 

<9) 

V<a) V C(f(a» 

from (2) and (4) 

(iO) 

C(f<a)) 

from ( 8 ) and (9) 

(ii) 

V<a) V S(a, f<a)) 

from (1) and (4) 

( 12 ) 

S<a, f(a)) 

from ( 8 ) and ( 11 ) 

<13) 

P<f(a)) 

from (12) and (5) 

(14) 

~C<f(a)) 

from (13) and (7) 

<15) 

null 

from (10) and (14) 
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For detailed consideration of the method with illustrations, refer to [ChL 73], 
[Lov 78], [Bha 88] and [Wos 83], 

1.3 SOME EXTENSIONS OF RESOLUTION PRINCIPLE 

One drawback with resolution theorem proving is its use of clausal form. 
Reasoning about wffs in terms of clauses is somewhat like doing arithmatic of 
integers in ternris of sequences of ones representing integers. Due to conversion 
pragmatically useful information encoded in the choice of logical connectives and 
quantifiers, is lost. For example, the sense of a chaining approach to deduction in 
the connective — > (conditional) is replaced by the sense of case analysis embedded 
in the connective v (disounction). Also a sentence may break into a large number 
of clauses, resulting in substantial redundancy in the resolution search space. 
Further, the clausal form is difficult to read and is not human-oriented. Guiding 
the theorem prover becomes difficult. This is a serious drawback in view of the 
fact that generating proofs of interesting, non-trivial theorems requires human 
interaction . 

Murray CMur 821 proposed Non-Clausal resolution (NC-resolution) which 
requires removal of quantifiers from formulae but keeps the logical connectives 
intact. He also established the completeness of the method. NC-resolution 
reduces to binary resolution in the case of clauses. 

A further step would be when we can resolve on formulae as they are with 
quantifiers in place. A resoluticJn rule called UiFf -resolution has been introduced 
by Bhatta [Bha 88], by which we can resolve on formulae as they are. The 
inference rule is sound as shown in Bhatta [Bha 88], 

The next chapter includes detailed discussion of WFF-resolution. 
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1.4 EQUALITY IN F?EASDNING 


■. i . -lau a crucial role in automated reasordng, because 
The axioms of equality pisy 

n ration to axioms of particular theories. However, 

of their almost universal appliC'^'^ion 

number of axioms, the number of equalities may 
even for a theory with a smai^ numi. 

r, r),n-Hon [Wor 69] and E-resolution [Mor 69] were 
become very large. Par&wodid^Xxo.i m 

•r,oi .jiTh explicit use of these axioms in refutations and 
serious attempts at dispensing wit-n exo 

L. ,+ onuality But paramodulation is intractable and E- 
yet be able to reason about equality. 

resolution is incomplete. 


,1 «(■ in thi=: direction, has been made by Digricoli and 

A successful attempt- m - 

Harrison [DiH 86], The tHO roles of inferenoe , RU8 (Rpsolulion by Unifioalion 
end Eouelily) and NRF (Neselive Reflective FunoUon! have been introduced in 
[DiH sa that ere primerily based on the resolution principle and are discussed 


only for the clausal case. 

tffated as follow: 

The rules of inference can be s-tateu 
RUE rule of inference 


The 

B V P<ti,t£, ,tn) C 

symbol ), is AO v BS v 
inequalities specified 
P':ti,t 2 , ,tn)6 . 


rue resolwent of two clauses 
with A and B as clauses and P 
D where '3 is a substitution and 
t,y a disagreement set of 


A V P(Si,S 2 ,.,..,sn.i and 
a particular predicate 
D is a disjunction of 
Ptei,52, ,5n)© and 


NRF rule of inference 

. . , t si tr. ( A is a clause) is A© v D, where 6 is a 
The NRF resolvent of h v -i * 

-i-r--. ,r-tion of inequalities specified by a disagreement 
substituticn and D is a diSdUUui.iuii 
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set of ti© and 12 ©. 


A disagreement set of two complementary literals or of the two terms of a 
negative equality, is a set of pairs of non-identical terms at corresponding 
argument places. 

The equality-based resolution has been extended by Bhatta [Bha 88] to 
NC-resolution as well as to UIFF-resolution, calling the corresponding inference 
rules as NCRUE ( alongwith NCHRF ) and UIRUE (alongwith WNRF) . The detailed 
discussion of WRUE and WNRF is given in the next chapter. 

In the remaining sections of this chapter, we talk about some aspects of the 

thesis. 


1.5 SCOPE AND OBJECTIVES 

This proo'eot implements the inference rule WFF-resolution with equality [Bha 
88], which accepts and operates on closed wffs of FOPC in their original forms. 

It is a user-friendly interactive system giving appropriate messages 
whenever desirable. It has an in-built type-checking mechanism. In case user 
supplies a value of inappropriate type, the system instead of exiting , goes on 
prompting the user until a value of appropriate type is supplied. 

The system allows the user to supply formulae that are more human-oriented 
including restricted use of natural language elements. It incorporates mechanisms 
,/ert human-oriented forms of representation of formulae to forms suitable 
lipulation by machine and vice-versa. 
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1.6 THE LANGUAGE AND THE SYSTEM 

The theorem-prover has been implemented in DomBin Common LISP on the 
^ppoIo.DN 3000 version AE6JS^DOh1/iIN /IX. 

1.7 OVERVIEW OF THE THESIS 

An overview of the full thesis is as follows: 

Chapter 2 describes the method of WFF~resolution with equality. 

Chapter 3 implements this methodi so that for a given pair of formulaei its 
re’solvent/resol vents is/are returned automatically. Further for a given formula, 
its wnrf factor. /factors is/are also generated again automatically. 

In Chapter 4, we give concluding remarks and also mention about various 
possibilities for extension of the theorem-proven. 

Appendix 1 includes hints for efficient use of the theorem-prover and 
solution of some problems. 


Appendix 2 contains the (LISP) code of the theorem-prover. 



Chapter 2 


WFF-RESOLUTDN WITH EQUALITY: THE METHOD 

Method consists entirely in properly ordering and 
arranging the things to ivhich u^e should pay attention 
Descartes: Oeuiv^reS; vol. X, p. 379; 

Rules for the direction of mind; Rule 

A Method of solution is perfect if can forsee 
from the start; and ei^en proi/©; that follotving 
that method ive shall attain our aim 

Leibnitz: Opuscules, p. 161. 


We are already aware of the disadvantages of the automated reasoning 
systems that compulsorily require clausal form of representation or the ones 
that have no built-in mechanism for handling equalities without explicit use of 
equality axioms. 

We mentioned that Murray's [Mur 82] NC-resolution operates on formulae 
containing all connectives but with quantifiers removed. However; removal of 
quantifiers creates some inherent problems for NC-resolution systems. The two 
major problems are 

(a) loss of intuition behind selecting appropriate quantifiers and 


(b) sentences becoming too complex; when the quantifiers within the scope of 
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equivalences are removed. 

In the next section we discuss WFF-resoIution which is NC-resolution with 
quantifiers in place. Then we extend WFF-resolution by inccrporating equality. 

Ule assume that the reader is familiar with the notations and concepts 
introduced in [Mur 82], [DiH 86] and [Bha 88]. We only define some of the key 
concepts required in the statements of the new inference rules. The definitions 
are on an informal level. For more rigorous definitions and illustrations one 
should refer to [Bha 88]. 

2.1 l^F-RESOLUnON 

Under this scheme, the information provided by Skole^n functions in clausal 
resolution, is captured within the terms of a wff. In this context, the definitions 
of a term and related concepts will be slightly different from the ones that are 
used in the context of a well-formed formula, clausal resolution and NC-resolution. 

In order to find appropriate subwffs of a pair of WRUE-resolvable formulae, 
on which resolution can be performed, we need the 

2.1.1 Definition (Propositional Stroctore of a Wff) 

Propositional structure of a formula W of FDPC is a formula of 
propositional calculus obtained by dropping all the quantifiers from the formula 
and by replacing each occurrence of an atom by its predicate-symbol. 

For example, the propositional structure of the formula 

(Vx)[ P(x, a) V (Vy) (--Gl(x,y) -4 R(y)] 


of FOPC is the formula 
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Pv(-'Q — > R), 

of propositional calculus. 

Next, WE define the polarity of a subwff in a formula. 

2.1-2 Definition (Polarity of a Subu^ff in a Wff) 

Let Fj Sj_ and be formulae and F be a subwff of 

(1) It is positive for subwff F in F . 

(2) If F is positive (negative ) in 3i, then it is negative (positive) in ^Si 
and (Sj^ — ^ ^ 2 ^' 

(3) If F is positive (negative) in Si/ then it is positive (negative) in (S^ a S^), 
(Si V S 2 ) and (S^ — ►Si). 

(4) It is both positive and negative in (S^h S 2 ). 

For example, in formula 

Ul: -[ P(x) — ► f ( Q(x) f4 R(x) ) — ► T(x) } I 

both Q(x) and R(x) are bipolar (have both negative and positive polarities), 
whereas T(x) is of negative polarity and P(x) is of positive polarity in W. 

For resolution of two formulae first we determine the propositional 
structure say struc of the subwffs on which resolution may take place and also 
the polarity say pol of the subwffs in the first formula. Then we take a non-empty 
subset’ of the set of all subwffs of the first formula^ which have propositional 
structure struc and which occur with polarity pol in the first formula, similiarly 
we take a non-empty subset of the set of all the subwffs of the second formula 
which have propositional structure struc and occur with polarity other than pol 
in the second formula. Next, all the subwffs in these two subsets are unified. The 
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unification takes place in terms of sequences of quantified terms of the subi-^ffs, 
where the concept of sequence of quantified terms is different from the corscept 
□f sequences of terms occurring in a well-formed formula (wff), the later is 
defined below. 

2.i-3 Definition (Sequence of ivff -terms) 


The Sequence of ,vff-terms in a formula F can be obtained as follows: 


(a) 

If F = 

P(t.i, t-E, 



where 

P is n-place 

predicate symbol; then 

it 


r tg; 







(b) 

If F = 

~Fi, then 

it is the 

sequence of terms in 

n. 


<c) 

If F = 

<Fj, b Fe) 

for some 

binary 

connective b. 

then it is the sequence 

of 


terms in p£ appended to the sequence of terms in Fj,. 

(d) If F = (Q x) F I where Q is a quantifier-; and x is some variable in F 
then it is the sequence of terms in Fj,. 

As an example; (X; y, z, X; z) is the sequence of terms in each of the 
formulae ((P(x) v EATiyj z)) a (FCx)--^ Siz))) and (V x) (3 y) (3 z) ((( P(x) v EATiyt z) .) 
.A (R(x)'^ b(z.))) 

The concept of seQuence of ipredicaXBs is useful in determining a maximal subwff 
of the first formula of the resolvable pair of formulae, on which resolution can be 
performed. 

2*1.4 Definition (Sequence of Predicate-Symbols) 

The Sequence of Predicate-Symbols in a formula F can be obtained as follow: 

(a) If F = P(ti; t 2 , »tr.) where P is n-place predicate symbol; then it 

is P. 

1 . 

Uf F = '-"Fi, then it is the sequence of predicate-symbols in Fj,. 
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(c) If F = (F X b F 2 ) for some binary connective b, then it is the sequence of 
predicate-symbols in F^ appended to the sequence of predicate-symbols in F i. 

(d) If F = (Q x) F X where Q is a quantifier, and x is some variable in F x, 
then it is the sequence of predicate-symbols in F, 


As an example, 

(P; E/iT, R, S) is the sequence of predicate-sy/r/bols in each of the formulae «P<x) 
V EAT(^, z)) A S(z))) and (V x) (3 y) (3 z) ((( P(x) v E^7<y, 2 ) ) a (R(x)-> S(z))) 


2.1.5 Definition (U-eQt/ii/alef>ce of two Wffs) 

Two wffs \Ax and are said to be (J-equii/alent if 

(1) propositional structure of \Ax is truth-functionally equivalent in 
propositional calculus to the propositional structure of Ul^j and 

(2) set of predicate-symbols occuring in Wj_ equals the set of predicate- 
symbols occuring in and 

(3) for each predicate-symbol say P occuring in (or W^) and for each 
polarity, there is at most one literal in \Ax with predicate name P. 

For example 
the too formulae 

ivffl; (V X) CP(x) -f (3 y)(2(x,y)] 

and 

wff2' <V )/)(V z)(3 u)[~P(u) V 

are U-equivalent. • . 

however, the following two formulae 

tvff3: <V x)(3 y) (V z)[P(x) v < (Q(y) a R(z) >] 
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k^ff4: (B t)(V U)l ( Pic) V Qiu) ) A ( P(d) V Pit) ) I 
where c and d are constants, are not U-eqaii^alent , as condition <3) of U- 
equivalence is violated. 

The concept of structural equivalence helps us recognize when two sub-wffs are 
unifiable. 

2.1.6 Definition (Strict S-epaii^alence) 

Two formulae F, G are said to be strictly S-equi valent in all of the 
following cases. 

(a) F and G are atoms, and have the same predicate symbol, 

Cb) F = --Fi, G = --Gi and Fi, Gi are strictly S-equivalent, 

(g) F = <F I b F 2 ), G =: (Gi b Gj;) for any binary connective b, and 

Fi, Gi and F^, Gg are strictly S-equivalent, 

(d) F = [Q x] Fw G = [Q x] Gi where Q is some quantifier and x is a variable, 
and Fi, Gi are strictly S-equivalent. CQ x3 represents optional quantifier. 

2.1.7 Definition (Reducible S-equii/alence) 

If there exists a finite sequence of transformations, from the following set, 
which when applied to a formula F produces Fi and/or a formula G produces 
Gi (referred to S-equivaient form) such that Fi, G, or F, Gi, or Fi, Gi are 
strictly S-equivalent, then F, G are reducibly S-eQui\/alent. 

The set of transformation rules represented as equivalences are: 

i. (-(--A)) A 

(A B) H ((-A) V B) 
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A 
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7. 

(A 
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B) 
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A) 



8. 
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A B) 

A C) 

9. 

(A 

V 

(B 

V 

O) 
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((A 

V B) 

V C) 


10. (A V (B A O) «-+ ((A V B) A (A V O) 

11. (A A (B V O) +-» ((A A B) V (A A O). 
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2.1.8 Definition (S-eouii-'alence) 

Two formulae are said to be S-equii^alert if they are either strictly 
S-equivalent or reducibly B-equivalent. 


2.1.9 Definition (SU-eouii/alence of Wo Wffs) 

Two formulae W|^ and W2 are SU-equii-'alent if 

(1) Wi and W2 are U-equivalent, and 

(2) there is a formula W5 which is S-equivalent to Wj (or W^) such that 
Wi (or W2) and W3 have identical propositional structures. 

Remarks- In the definition of SU-equivalence, the condition (for U- 
equivalence) of equivalence of propositional structures of Wj. and W2, becomes 
redundant in view of the condition (2) above. 

To illustrate the concepts of U-equivalence, S-equivalence and SU-equivalence, we 
consider some examples below. 


The formulae 
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wffi; <V x)(3 y) [P(x) -♦ Q(x,y)] 
and 

wffZ- <V t^)(V z)[~( ~Q(z,^') A Pkw) )], 
are SU-eauivalent. 

The formulae 

ivffS; (V X) [P(x) (3 y)Q(x,y)] 

and 

U'ff4: (V i^KV z)(3 u)[~P(u) V Q(z,w)l 
are U-equi valent, but not S-equi valent. 

However, The formulae 

wff5: (V xK3 (J.X3 i/) [ P(x) V (Q(u) a RM) ] 
and 

<vff6: (3 s) (V y)(V Z) )[ ( P(s) V Q(z) ) A ( P(y) v Riz) ) 3, 
are S-equivalent but not U-equivalent. 

2.1.10 Definition iComplemBntary SubwfPs) 

Two subwffs Sj, and Sg occuring in formulae and Wg are said to be 

complementary if polarities of Sj. and in their parent formulae, are opposite. 

WFF-resolution can be done on two subwffs only when they are 
complementary. 

In order to define the concept of a term in the context of WFF-resolution 
and its extensions, we need the concept of dependency information of an 
existential variable, which we give below. 
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2.1.11 Definition (De7>€7)dency Ini^ormBiion of an existential Variable) 

For a gi-v'-erf formula F, the Dependency Information (or dependencies) of an 
existential variable y (taking polarity into account); occurring as a ierm of some 
literal of F or of a function in F, is the set of those variables which are 
universally quantified (taking polarity into account) in F and in the scope of which 
y Ir furmula, scope being minimum passible after using comwutatxi^ity of 

conjunction and disjunction on logically epuiwalent formulae and using the rales 
for reducing the scope of Quantifiers to the minimum, while again maintaining the 
logical eauii^alence of the formulae. 

To illustrate the concept we consider some examples. 


(i) In each of the two formuaie 


(V x)P(x) b (3 y)Q(y) 


and 


<V x)( <P(x) b <3 y)Q(y) ); 

where b is a binary operation in the set (a v }; the dependency of the only 
existentially-quantified variable y is nil; because y does not lie in the minimum 
scope of X. The reason being that the second formula above could have been 
written equivalently as the first of the two. 


(2) Even if, b had been any one of -4 or then also the dependency of y 
would have been nil. In the case of we get the fact through using commutativity 
of In the case of b being equal to also; b does not lie in the minimum scope 
S: of X as we can think of .^ implies B and B if /I equivalent, though the order of 

iv-v ■ , 
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occurrence of A and B in the last two expressions is interchanged. 

(3) For the formula 

(V x)[(3 z) (V u) P(z, u) -> (3 jv) Q(x, 

dependencies of existential variable u is Cz) and that of w is (x), because the 
formula could be written equivalenty (in FOPC) as 

[(3 2 ) (V u) P<z, u) -♦(V X) (3 w) Q(x, u>)]. 

Remarks- According to this definition of dependencies, the algorithm (given below) 
for computing dependencies becomes simpler to understand and more efficient. And 
more significantly, it returns smaller dependencies because now an existential 
variable is not made to depend on extra variables just because these happen to 
occur to the left of the existentially-quantified variable because of syntactic 
compulsions, in the sense that out of two components of a formula, one has to 
appear before the other. 

Also, the use of this method for computing dependencies improves the 
overall efficiency of the theorem-prover, because now existential variables are 
functions of smaller number of variables and hence lesser number of variables 
would be required to be eliminated for resolutions leading to F/^LSE to prove a 
theorem. 

Actually, the method adopted in [Bha B81 is just a legacy of Robinson's 
method [Rob 603, where in order to remove quantifiers, we shift them first to the 
left and then we replace the existential-quantified variables by Skolem functions. 
By adopting this scheme of including only those universal variables in the Skolem 
function corresponding to an existential variable y, in the minimum scope of which 
y lies, even Robinson's method can be made more effcient. 
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Algorithm for computing dependencies of an existential variable y in a 
formula say F is as follows: 

1. Initially take dependencies of the existential variable y as nil. 

2. If F is atomic then return dependency of y. 

3. If, F = ^ F i, then it is the dependencies of y in F i, where now 

quantifications of all the variables have been toggled. 

4. If F = (Q x) Fjli where Q is in set (V 33, then 

(i) if either x is existentially-quantified, taking the polarity into 
account or x does not occur in or y does not occur in Fi, then dependencies 
of y in F is same as dependencies of y in Fi. 

(ii) else add x to the dependencies of y in Fi. 

5. If F = Fi b F 2 , then it is the set union of the dependencies of y in Fi 
and in F^. 


For the purpose of matching and unification, an existential variable u with 
dependencies <ti,t 2 , is treated and written as an n-place function-symbol 



The polarity of a Quantifier is defined in exactly the same way as polarity of a 
subu^ff was defined. A quantified variable within the scope of an equivalence 
relation, to be called dually quantified, is both universally as well as existentially 
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Quantified. 

Next^ we define the notion of a term in the context of wff'-resolution and its 
extensions. In order to be specific, we would refer to a term occuring in a well- 
formed formula as wff-term whereas to a term in the context of the WFF- 
resolution method as a resolution-term (because these terms are defined for the 
purpose of resolution in wff-resolution method). 

2 . 1 .12 Definition (T erm /resolutior>-ter m) 

A resolution-term (or simply term ) is defined recursively as follows: 

(i) A constant is a term. 

(ii) A universal variable is a term. 

(iii) An existential variable is a term whenever its dependencies are terms. 

j 

(iv) If f is an n-plaoe function symbol, and are terms, then 

,tn ) is a term. 

(v) All terms are generated by applying the above rules. 

2.1.13 Definition ( Quantified Term of a Term ) 

The quantified term of a term t occuring in a closed formula, denoted by (Q t), is 
defined recursively as follows. 

(a.' If t is a constant, then it is t itself. 

(b) If t is a universal variable taking polarity into account, then it is (V th 

(c) If t is an existential variable taking polarity into account, with dependency 

information (ti,t 2 ,. ,1^), then it is (3 t(ti,t 2 , ,tn)). 

(d) If t = where f is an n-place function-symbol, then it is 

f( (Qi tj,), (0.2 ^2^1 i(^rn ^ 

where (Q,- t.) is quantified term of t;, for i = i,2....,m. 
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We can obtain the sequence of quantified terms in a subwff as described below; 

2,1.14 Definition (Sequence of QuantifiBd terms of a closed formula) 

The sequence of quantified terms in a formula F, is obtained by first 
finding the sequence of wff-’ternris in F and then replacing in the sequence so 
obtained each wff-term by its quantified term in F. 

For example^ 

the sequence of quantified terms of the wff 

(V X) I P(x) V ( (V y> Q(x,y) -+ <3 s){r(x,z) a (V u) S(z,u)})I! 
is 

( (V X), (V X), (3 y«:v X)) ), (V X>, (3 z((V x)), (3 z<(V x))), (V u) ) , 
which may be denoted in simplified notation as 
( Xj X, y(x)^ X/ z(x)f z(x), u ]. 

Throughout/ we would use the last representation for sequences of quantified 
terms. 


In WFF-resolutioa for the purpose of unification and resolution we require 
only sequences of quantified-terms. Therefore; whenever there is no chance of 
confusion; in stead of sequence of quantified terms we would just say sequence of 
terms . 

It is not necessary to define sequence of terms for ( Fi F^ ); if there 
are quantifiers in the scope of Fi or of F2/ because then each quantifier in 
Fi and Fg is dual and hence for unification with another formula having same 
propositional structure as ( Fj^ Fj; ); we cannot determine quantifications. 

Next; we consider uni fiability of two formulae. 
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2.1.15 Definition (Unifiability of Wffs) 

Two formulae Fi and F 2 are unlfiable if 
(i) Fi and F^ are S-equivalent; 

(2) for Fq which is S-equivalent to F2 (F^) such that the propositional 
structures of Fi (F^) and F^ are identical, the sequences of quantified terms of 
Fi (F2) and F3 are unifiable. 

Since the terms (i.e., quantified-terms) to be unified contain quantifiers, this 
unification is called Q-unification . The basic algorithm of [Rob 65] extends to 
this methodology. However, we need to consider the case of unification when at 
least one of the two corresponding terms, is an existential term (because, there is 
no such concept as existential variable /term in clausal form resolution method, 
existential variables getting replaced by Skolem constants or Skolem functions). 
However, the case is disposed of in exactly the same manner as the one in which at 
least one of the two terms to be unified is a functional term, because as mentioned 
earlier, for the purpose of matching and unification, an existential variable u 

with dependencies .W, is treated and written as an n-place function 

u'(ti,t2, As Q~unification is the only unification we would be dealing with in 

this thesis, so we may refer to it as just unification. 

Next^ we state the WFF-resolLition inference rule. 

Consider two variable-disjoint closed formulae Wi and of which Si 

and S2 are respectively subwffs having opposite polarities in the parent 
formulae, such that Si and S2 are unifiable. If SETi is the set of all subwffs 

of Wi that have same propositional structure as Si and occur in one conjunct of 

, Wi and with same polarity in Wi as Si, similiarly if SET2 is the set of all subwffs 

.;p:f W2 that have same propositional structure as and occur with same polarity 

W2 S2. Further, if SEi and SE2 are any non-empty subsets of respectively 


CHAFTSn t 


nff-hesolutioh uith ev/ality 


sa 


SETi and SETj and if © is the most general Q-unification that makes all the 
subwffs in SEi© and SEj© truth-functionally equivalent, then a l>JFF-resol^yent 
of Wi and Wj is obtained by 

(i) taking the disjunction of the formulae obtained by replacing each member 
of SE^e in W^6, for i = 1,2, by FALSE, if the member of S^© occurs 

positively in W^9, else by replacing Sj^© in W^© by TRUE, and then 

(ii) simplifying the disjunction obtained at step (i) to a truth-functionally- 
equivalent formula, free from TRUEs and FALSEs. 

One uses this inference rule repeatedly to generate WFF-resol vents until 
FALSE is generated. 

Remarks- 

(1) In the case of SU-equivalent formulae say Wi and Wj.-, the problem of 
unification of subwffs Wi and Wg reduces to the problem of unification of the 
corresponding pairs of literals in Wi and Wg, that have same predicate name and 
occur with same polarity in the respective parent formula. However, in the case of 
non-SU-equivalent formulae that are unifiable, setting up such a correspondence 
between literals may be difficult and computationally costly. 

(2) In WFF-resolution we factor a formula by unifying only those subwffs 
(satisfying the restrictions in respect of polarity and propositional structure), all 
of which belong to one conjunct of the formula, because otherwise the method 
becomes incomplete as is shown by the following 

EXAMPLE: For the following unsatisfiable set U of formulae 

(i) P<a) A P(b) 
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(Z) ~P<b), 

if we factor (i) by unifying all subwffs (having propositional structure P) from 
more than one conjuncts, i.e, in this case, if we factor (1) by unifying P(a) and P(b) 
and then resolving the resultant of factoring with (2), then we would be getting the 
resolvent as ~(a = b), which is not resolvable, thereby not able to establish 
unsatisfiability of U. 

We consider below two examples in support of our argument in the remarks (i) 
above, 

Examolei- 

Even in the case of the simplest non-SU-equivalent formulae 

Wi- (Vx)(3y) (P(x) V P(y)), 

and 


u/j: (VuK3i^) (P(u) V P(w')), 

which are unifiable, we would have to consider two syntactic forms of Wj, namely 
Wi and 

w'l. (Vx)(3y) (P<y) v P(x)), 
in order to verify unif lability of Wi and Wj. 

Example2: 

Let Pi, P 2 , Ps, etc denote different occurrences of predicate symbol P in the 

non-SU-equivalent unifiable formulae: 

wffi: <Vx)(3y) [Pj.(x) A ( P 2 (a) v Ps(y) ) ], 


and 


wff2: (Vu) <3 k) [ ( P4(u) A Ps (u) ) V ( P6(a) a PtCu) ) ], 
where s is a constant. The formulae are unifiable, however, computationally it is 
quite costly to recognize that the literal from jvffi should be unified with 

literals P^(u) and PrCu) of wffZ and literal P 3 (y) should be unified with 
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Hence, we would restrict to resolutions of formulae on only SU-equi valent subwffs. 

Let us look at the application of the wff-resolution consideringi a simple 
example from [Qui 61]. The english version of the problem is 
Premises' 

The guard searched all who entered the premises except those who were 
accompanied by members of the firm. 


Some of Fiorecchic's men entered the premises unaccorripanied by anyone 

else, 


The guard searched none of the Fiorecohio's men; 

Conclusion: 

Some of Fiorecchio's men were members of the firm. 

We define the following predicates, in order to represent the above problem in 
First-Order Logic. 

P(x) : X is a person that entered the premises, 

G(x) : X u/Bs searched by the guard, 

Hxj y) : X ii^as accompanied by y, 

H(y) : y was a member of the firm, 

FM(x) : X was one of Fiorecchio's men. 

The first-order logic translation of the above problem is 
<1) (V x) C(P(x) A -GCx)) (3 y) (H(x, y) a M(y))] 
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(2) (3 X) [FM(x) A P(x) A (V y)(H(x,y) -4 FM<y))3 
<3) (V X) [FM(x) -4 ~G(x)) 

Conclusion- 

(4) (3 X) (FM(x) A Mix)) 

Renaming the variables properly and adding functional dependencies of existential 
variables, the set with negated conclusion is 

Uji: (Vxi)( (P(Xi) A ~<5<Xi)) -+ (3yi(xi)) ( H(x^, yx) a M(yx) ) 3 
U 2 : (3x2)0) C FM(X2) a P(X2) a (Vy2) ( I-I(X2, ys) -♦ FM(yz) ) } 

Us'- (Vxg) { FM(Xs) -t -GCXg) 3 
U4: ~C <3x4) ( FM(x4) a M4) ) 3 

The resolution sequence that leads to FxILSE is 

\ + 

Ux-fUz ^ Pi- Resolving on P~ in Ui and P in Ug with 

©: C OxgO) / (VXi) 3 gives 

(3X20 ) { •-G(x2) -4 ( 3yi(x2)) ( Hix ^), yx ) a M(yi) ) 3. 

Rxy-Uq > Rz- Resolving on g"*" in Rx and G~ in Ug with 

0: { (ExgO) / (Vxg) 3 gives 
(3x20) C [ ( 3yi(x2) ) ( H(X 2 , yi) a Miyx) ) 3 v ~FM(X 2 ) 3 

4 

Rz -fUz ► Ps- Resolving on FM" in Pg and FM in Ug with 

0; £3 gives 

(3X20) [ ( 3yt(x2) ) ( H(X2, yi) a H(yi) ) ] 

Rg-FUjx — -» R4' Resolving on in Rg and H~ in U4 with 
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0: ( (BxgO) / (VX4) 3 gives 

(3X20) [ ~FM(X2) ] 

4. 

Rji-f-Uz 1 Rf.' Resolving on FM~ in and FM in Uj with 

O' gives 

FALSE. 

Thus, as FALSE is reached as a resolvent, the set of formulae U is 
unsatisfiable. 

In the next section, we consider inference rules that constitute extension of the 
inference rule WFF-resolution and which include equality. 


22 WRUE RESOLUTION 

In WRUE we can resolve two formulae which have two SU-eqivalent subwffs, 
one from each, with opposite polarities in parent clauses, even if subwffs fail to 
unify. This is possible on the basis of the following (informal) argument. 

If Si and S2 are two SU-equivalent subwffs of respectively Wi and W2, 
occur ing with opposite polarities in respective parent formulae, such that Si and 
S2 are not unifiable. Let S3 be a formula which has the same propositional 
structure as that of Si, and which is S-equi valent to S2. Collect all pairs of 
corresponding terms from Si and Ss where unification fails and form a set DB to 
be called origin disagreement set. If each such pair in DS is assumed to be equal, 
then Si and S2 after being modified suitably under this assumption, become 
unifiable, making Wi and Wg (modified under the assumption that each pair in D 
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equals) WFF-resolvable. A unifier of the modified forms of Wj. and Wj is called 
a partial unifier of modified forms of Wi and W 2 . Let R be a WFF-resolvent of Wi 
and W 2 . This resolvent R is not absolute, but under the assumption that the 
condition D holds, where D is the conjunction of the equalities, with one equality 
corresponding to each of the pair of corresponding terms in DS, In other words, we 
get the resolvent D R, which we call l^RUE-resoluent of and Wg. 

Bhatta [Bha 88] has discussed the equality-based resolution rules URUE 
and U/NRF in detail and with illustrations. Essentially to capture the notion of 
disagreement, a number of definitions like that of disagreement set, origin 
disagreement set, topmost disagreement set are given, each one in the context of a 
pair of terms, a pair of complementary literals, a set of literals and a set of SU- 
equivalent subwffs. We give below some examples of these. However, for details, we 
refer the reader to [Bha BS] or [DiH 86]. 

Each of WRUE and WNRF is defined in two different forms namely open 

form and strong form. In open form, the user is free to choose both the 
substitution and the disagreement set. In order to guard against generation of 
useless resolvents, the strong form allows only restricted choice of substitutions 
and of disagreement sets. 

In [Bha 88] completeness of WRUE in open form is established and 

completeness of WRUE in strong form is oonjuctured. 

Next, we consider some examples of disagreement sets before starting with 
formal discussion of WRUE resolution. 
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22.1 Examples of Disagreement Sets 

(a) The disagreement sets of the pair of quantified terms f((V x),<3y(Vx))) 
and f<b,(3z<Vx))) are 

C f«V x),(3y(Vx))) f(b,(3z(Vx))) 3 

and 

( <3y(Vx)) : (3z(Vx)) }, because <V x) unifies with b 

(b) The only disagreement set of the pair of terms f((V x),(3y(Vx))) and 
g(b/3z(Vx)W is 

£ f((V x),(3y(Vx))) : g(b,<3z(Vx))) 3 

(c) The disagreement sets of the pair of terms 

f[(3y(Vx)), h(b, g«3z(Vx)))3, f[b; h((3z<Vx)3, g(d))] are 

(i) Di : £ f[(3y(Vx)), Wb, g«3z(Vx)))] ■■ fCb, h((3z(Vx)), g(d»] 3, the origin 
disagrement set, 

(ii) D2 : £ (3y(Vx)) : b, h(b, g((3z<Vx)))) : h((3z(Vx)), g(d)) 3, 

the top-most disagreement set of the pair 

(iii) D3 •• £ (3y<Vx)) : b, b •• (3z(Vx)), g«3z(Vx))) : g(d) 3, 

(iv) D4 : £ (3yCVx» : b, b : (3z(Vx)), (3z(Vx)) d 3- 

(d) For the complementary pair of (quantified) literals P((V x), (3y(Vx))) and 
~P(b, (3z(Vx).)), the only disagreement set is £ (3y(Vx)): (3z(Vx)) 3- 

(e) The disagreement sets of four literals (after replacing terms by their 
fiqyantified terms) 

P(f((3y(Vx))), (V x)), P<(3z(Vx)), d), P(f(e), m), P(g(n), b) 
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is D5 : { f((3y(Vx))) : (3z(Vx)), f((3y(Vx))) : f<e), d : m, 

f((3y(Vx))) : g(n); d : b 3^ where (V x) unifies with d, 
and 

D6 : C f((3y(Vx))) : (32(Vx)); (3y(Vx)) : e, d : m; f((3y(Vx))) : g(ri); d:b3. 
By changing the order of consideration of literals; we nay get some other 
disagreement setS; basically yielding the same information as do D5 and D6. 

In the following text; by unifying to the ;7?aximum extent possible we mean that 
we use the maximum most general partial unifier (mgpu). For example; when we 
unify the terms fiXigig, a)) , fib, gic, d)) we use the substitution {b/X; c/y3 
instead of any of the other partial unifiers Cb/x3 or Cc/y). 

Next we come to the formal statement of WRUE. 

Remarks: By a positive (negative) equality; we mean an equality which occurs 
with positive (negative) polarity in its parent formula. 

222^ The WRUE Rule of Inference (open form) 

Consider the variable-disjoint closed well-formed formulae W and W of which 
S and S' are respectively subwffs having opposite polarities in parent formulae 
such that S and S' are SU-equi valent. 

Let ES = { Si; S^,; 3 be the set of all subwffs (including S) of W that are 

SU-equivalent to S and such that each S; has same polarity in W as S does; and 
occur in one conjunct of W. Let UES be a non-empty subset of ES. Further; let $ be 
a partial unifier that (partially) unifies the formulae in UES to the maximum extent 
. possible. Let DS denote a disagreement set of UES# and CEQ denote the 
; .^Conjunction of the equalities obtained from DS; one equality corresponding to each 
llJiair in DS. Then under CEQ, UES# reduces to C S$ 3. Similiarly; if ES', UES', 
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DS', CEQ' stand for the corresponding entities w.r.t. S' and W', then under CEQ', 
reduces to ( S'$-' 3. 

Further, let 6 be a partial unifier of S$ and S'#' and D be a conjunction of 
the equalities to be satisfied as specified by a disagreement set of ( S# , S'§' J, If 
D is true then £ S#e , S'#'© 3 reduces to S#©. 

A 14RUE resolvent of W and W' is obtained from 

( CEQ A CEQ' A D ) -> ( W£FALSE/S#©3 ) v < W'£TRUE/S$©3, 
if S occurs positively in W 
and 

<CEQ A CEQ' A D ) -+ < W£TRUE/S#©3) v <W'{FALSE/S$©3), 

if S occurs negatively in W, 
by adding and dropping appropriate quantifiers. 

We illustrate these ideas for getting a WRUE-resolvent through the following 

example 

If we want to resolve 

wff - [ (P A ( Q X y)) A (P A (Q p q))] -4 C(P A (Q r s)) a (P a <Q t u))], 

with itself, where P and Q are predicate-symbols and x is a universally quantified 
variable and the rest of the variables are existentially quantified. Then IP a Q ) 
is the structure of the subwffi on which resolution is possible. The set of 
subwffs having (P a Q ) as structure and ocouring positively in one conjunct of 
uff is C(P A IQ r s))3. Similiarly, the set of subwffs having IP a Q) as structure 
and ocouring negatively in one conjunct of is (IP a IQ x y).^, IP .a IQ p ci)3. 

Thus for resolution, we may unify Ipartially) a non-empty subset of 
sub: (IP A IQ r s)), IP A IQ X y)), IP a <Q p q)3, 

Ullitaing at least two elements, at least one of each polarity in wff. 



CHAPTEH S 


UFF-HESOLUTtOH UlTH E<iaALm 


92 


Let us unify 

sul: {(P A (Q X y)), (P A (Q r s)}. 

Then a resolvent of 4'ff with itself is given by 
res. (y = s) -* (~(P a (Q p q))), 
where all the varibles in res are existentially quantified. 

For solution of problems using WRUE, refer to Appendix i. 

Remarks We know that factoring is a necessary condition for conripleteness 
of a resolution method as is shown by the following example. 

The following pair constitutes an unsatisfiable set of formulae: 

(1) P(x) V P(y) 

(2) ~ P^z) V ~P(u) ; where x, y, z, u are universal variable. 

However, we can not derive a refutation unless we allow factoring. This happens 
because of the fact that P(x) v P<y.'> and P(x’) are equivalent in FOPC, but not 
computationally in the sense that when resolving with ~P<x) the later gives FWLSE 
whereas the former gives P(y), which may not be resolvable later. 

However on the other hand, we show through the following example, that compulsory 
full factoring (that is by merging on all subwffs having same proposional 
structure and polarity in the parent formula, occuring in a conjunct ) also leads to 
incompleteness , 

EXAMPLE: The following set of formulae is clearly unsatisfiable: 

(1) ~ (P(a) A P(b)) 

(2) P(c,> 

(3.^ a = c 


(4) P(b); 
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where P is a predicate symbol and a, b, c are constants. In order to derive a 
refutation we may choose to resolve either P<c) or P(b) with (i). If we use the rule 
of compulsory factoring on all the subwffs having a given propositional structure 
and occurring with a given polarity in the formula, then a negative equality (a = b) 
would be introduced which can not be resolved subsequently, (the resolvent in the 
• case of resolution of (i) with. (a -«c» -and in the case of 
resolution with P(b) it is ~(a = b) ). Hence, even compulsory full factoring also 
leads to incompleteness. 

This is why we allow the user to supply any non-empty set of the set of all 
subwffs having a given propositional structure and occuring in one conjunct and 
having same polarity in the parent formula. 

From the above we draw the conclusion that while resolving a pair of formulae^ we 
should choose those subsets of the sets of all subwffs of the formulae, which 
tnify to that maximum extent such that smallest possible disagreement set is 
generated. Further, the pairs in disagreement set should be apparently resolvable 
through other formulae. 

2J2.3 The WNRF Rule of Inference (Open Form) 

Let W be a closed well-formed formula containing at least one equality 
literal that occurs negatively in W. Let IE be the set of all equalities of W that 

occur in one conjunct of W and have negative polarity in W. Let E= C =i, = 2 , } 

be a non-empty subset of IE. Further if 0 is an mgpu of the n equalities (after 
quantification of terms) in E. By CEQ we denote the conjunction of equalities to be 

satisfied as specified by a disagreement set of E0 = ( = 2 ^* 30. If CEQ is 

true , then Ee reduces to a single equality set say { = }. 
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If = has the form ti. = arid $ is a substitution and D is a conjunction of 
equalities to be satisfied as specified by a disagreement set of quantified terms 
of ti$ and t 2 $, then 


A UFF-Hegstive ReflBctii/e Function iUINRF) factor of W is obtained from 

(CEQ A D) -+ W(0f) C TRUE/ti$ = t2$ 3, 

by adding and dropping appropriate quantifiers. 


To elaborate, we consider an example. 

Let 

tvff : [ (P A (x = y)) .A (P A (p = q))] -+ C<P A <r = s)) v (P a (t = u))], 

where P and Q are predicate-symbols and x is a universally quantified variable 

and all other variables are existentially quantified. 

Then the set of negative equalities in wff is {(x = y), (p = q)}. Ule consider the set 
of all the equalities in this set for the purpose of unification. A WNRF-factor of 
ivff is given by 

wnr: (y = q) -4 CP -♦ [CP a (r = s)) v (P a (t = q))]3, 
where all the variables in n/nr are existentially quantified. 

7. 2. A WRUE4\B''ffRF Deduction and Refutation 

Given a set U of formulae, a WRUE-WNRF deduction of a formula R from U is 

a finite sequence Ri, Rz> / Rn such that each R/ is either a formula in U or a 

WRUE-WNRF resolvent of formulae preceding R,' in the sequence and where Rn is R. 

A deduction of FALSE is called a WRUE refutation of U. 



CNAPTCH 2 


ktn-ntsoLujioH mru E{kUALiTy 


2S 


2JZ.5 WRUE Resolution in Strong Form 

WRUE resolution in open forrn^ that is , the method with no restriction on the 
choice of an mgjyu and of a disagreement set at any stage of refutation, is 
complete fBHa. S3j. this method may generate any number of useless 

resolvents. In order to guard against generation of useless resolvents, strong 
form of resolution puts some restrictions on the choice of an mgpu and of a 
disagreement set. The modified rules of inference (in strong form) are described 
below. For this we require the following 


2 .2 .5.1 Definition (triable Disagreement Set) 

For a theory with given set of axioms U, a disagreement set is said to be 
w^iable, i.e., can possibly participate in a refutation, only if it satisfies the 
following conditions: 

(i) for each negative equality ( s/ = t,- ) corresponding to a pair S; •- t,- in D, we 
have that for there is a term g that is the argument of a positive equality 
literal in U such that s^- either unifies with g or matches g on leading function 
symbol. In the latter case, s,- : g must have a viable disagreement set below the 
origin disagreement set. The same is true for t; and some other term h that is the 
argument of a positive equality literal in U. 

(2) in case there are some negative equalities of the form ( S; = t; ) 
corresponding to pairs ■ t^' in the disagreement set, that do not satisfy the 

condition above, then there is a substitution unifying with t;, for each of these 
negative equalities, thus converting their logical sum to FALSE. 
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Furthermore, the substitutions used to satisfy the above condition must be 
compatible so as to form a single composite substitution. The empty disagreement 
set is always considered viable. 

The definition of viability is recursive, and the recursive iteration is 
finite because each of the terms Sj and t/ has finite nesting of function symbols 
(the recursion peels these off and thus terminates) 

Viability is' a necessary but not a sufficient condition that we can 
prove s,- = t; from U and thus erase the corresponding negative equality in a 
resolvent. A WRUE-WNRF resolvent is viable if its disagreement set is viable. 

The weakness of the viability test lies in the fact that when U contains the 
literal x = y or the literals x = t and y = t', then all negative equalities 
become viable and the filtering effect is lost. In this case, we always resolve to 
the top-most disagreement set. 

EX/IMPLE: We illustrate the concept of viability through an example 
For the following set of formulae: 

(1) f(x) = b 

(2) b =c 

(3) c =d 

(4) d = g(b) 

(5) P(f(a)) 


(6) ~P<g(d)) 
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(7) ~P( 3 (a)), 

where P is a predicate symbol, f, g are function symbols; x is a universal variable 
and a, b, c, and d are constants. 

The disagreement set of the set of termsC(f(a)), (g(d))} of WRUE-resolvable (open 
form) formulae (5) and (6), is viable, because, for f(a) there is a term f(x) of a 
positive equality that unifies with f(a) and for g(d) there is a term 9 (b) in a 
positive equality d = g(b) such that for the next lower level disagreement set Cb • 
g} of C 9 (b) ; 9 (d)}, there are positve equalities oontaing b and d as terms. 

But the pair of terms Cg(a), f(a)3 of the WRUE-resolvable (open form) formulae (7) 
and (5) are not viable. 

7.2. Si Selection of a Substitution 

We show through the following example that constant use of mgpu and bottom- 
most disagreement set in WRUE-WNRF can actually prevent a refutation. 

EXAMPLE 

Consider the following unsatisfiable set U of formulae- 

1. P(f(x, b)); 

2. '-P(f(a, c)) 

3. f(b, b) = f(a, c), 

where a, b, c are constants and x is a universal variable. 

Resolving i. and 2„ using mgpu (most general partial unifier) and the bottom most 
disagreement set, we get the resolvent 
reS' ~(b ~ c). 

But res can not be erased. 
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Therefore^ only qualified use of mgpu as stated below, is required for WRUE and 
WNRF. 

2J2.6.1 The WRUE Unification Rule 

In forming the unifier of complementary subwffy and S*” in WRUE, we 
unify on a uni^/ersal variable x except at an occurrence where x is the argument 
of a function say ftxl, such that there is a viable disagreement set of and 

S", having a negative equality in the form fCxl =" fEtl. 

: fCxl denotes one occurrence of x anywhere in the argument structure 
of f, and similiarly for t in fCtl; t and x are at corresponding argument positions 
so that it is possible to unify x with t in S“. 

We may apply this rule to a specific occurrence of x without regard to 
any side effect on other occurrences of x in its clause. For an example, 
refer Cpp, 74, Bha 881. 

2.2.6.2 The WNRF Unification Rule 

When WNRF is applied to x =“ t we unify with t/x to erase this negative 

equality. In applying WNRF to Sj, ,3^) fCb^, and forming the 

unifier of these opposed terms, we unify on a universal variable x except at an 
occurrence where x is the argument of an inner function (say, gCxl, which 
appears within the argument list of f ), such that there is a viable disagreement 

set of f(ai, 32/ /Sift), f<bi/ having a negative equality of the form 

glxl re” 9Ct3, where square brackets have the meaning explained before. 

This is quite similiar to the WRUE unification rule except that we state that 
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X is the argument of an inner function and not of the outermost function f. 

2,2 B 3 The Strong Fcjrm of the Inference Rules and Deducticxi 

The two inference rules WRUE and WNRF in strong form can be obtained by 
incorporating the following modifications in the corresponding rules in the open 
form: 

(1) In stead of an mgpu or a psrtisl unifier in the open form of a set of 
unifiable entities in the open form, we take the unifier o'u,-nx,.^r' hu iwnuE ■.wT’IRF) 
unification rule described above for strong form of WRUE (WNRF) inference rule. 

( 2 ) In stead of any disagreement set of a set of formulae in the open form of 
the corresponding rule, we take the top-most viable disagreement set of the set of 
formulae . 

2 . 2.7 The Equality Restriction 

For further efficiency, the equality restriction imposed on the RUE 
resolution of complementary equality literals [DiH 86 ], is extended to WRUE 

The WRUE resolution of W<Si S2> and W'<s'i s'2> is permitted only 
if at least one pair in the set of pairs { CQi s^) ; (Q'i s'x), (Q^ S2) ; <Q s'2), 

(GI2 S2) ■ s'j.), (Q2 £2) : (Q'2 £'2) ] of corresponding quantified terms unifies 

or matches on leading-f unction-symbol. In the latter case, the pair must have a 
viable disagreement set below the origin disagreement set. 

Hence, to resolve equality literals we must satisfy both 

( 1 ) the above equality restrictions and 

( 2 ) be able to select a topmost viable disagreement set. 

The two conditions appear similiar but they are not the same. In finding a topmost 
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disagreement of complementary literals s^ =‘^ Sg and Sj. =- the matching by 
unification or matching on leading function symbol occurs with other literals of 
the given set of formulae and not among the terms Si, s/, i = i, 2 themselves. 

Example 

To explain the WRUE resolution method, we shall consider a problem of elementary 

Geometry. Alfred Tarski [Tar 51] uses only two predicates to represent the 

axioms of geometry in FQL. B(x, y, z) represents "y is between x and z" 
and L'txj., y^, Xg, yi) represents "the distance from Xi to Wi is the same 
as the distance from Xg to y^". The following are the axioms of Tarski, but 

without his full axioms of continuity, which is not easily represented in FQL. 

Identity axiom for betweenness' 

Ui_- (Vx) (Vy) [ BtXi y, x) -+ x = y ] 

Transitiwity axiom for betweenness'' 

U 2 ' (Vx) <Vy) (Vz) (Vu) C (B(X, y, u) a B(y, z, u)) -+ B(x, y, z)] 

Connectiw'ity axiom for betweenness'- 
Ug: (Vx) (Vy) (Vz) (Vu) [ £ B(x, y, 2 ) A B(x, y, u) a ~(x = y) 3 

CS(.x, z, u) V B(x, u, z) 3 3 

Reflexikity axiom for equidistance- 
U 4 ; (Vx) (Vy) L(x, y, y, .x) 

Identity axiom for equidistance ■ 

U^'- (Vx) (Vy) (Vz) [ L(x, y, z, z) -+ x = y ] 

Transitiw'ity axiom f or equidistanoe- 
:Ue- (Vx) (Vy) (Vz.)(Vu) (Vi^) (Vi*^) 
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[ L(x, y, z, u) A L<x, y, w, w) -4 Liz, u, v, jv)] 


Pasch's axiom-' 

Uy- iwt) (Vx) (Vy) i\/z) <Vu) [ c B(x, t, u) A B(y, u, z) 3 

■4 <Vtv) C S(x, y) A B( z, t, it') 3] 


Euclid's axiom- 

Uq- (Vt) (Vx) (Vy) (Vz) (Vu) [ C B(x, u, t) a B(y, u, 2 ) a ~(x = u) } 

-4 (3i/)(3w) { B(x, z, tv) A B(x, y, v) a B((v, t, i/)3] 


Five-segment axiom-- 

Ug: (Vxj.) (VxgKVyi) (Vy£)(yzi) (VzjKVuj) (Vus) 

C C i-(xi, yjL, X£, yj) a Liy^, z^, y^, z^) 

A L(xj^, Ui, X 2 , Ug) a Liy^, u i, y^, U 2 ) 

A B(Xi, y^, Zi) A B(X2, yj, z^) a ~(Xi = yj.) a ~(yi = Zj.) 3 
-4 LiiZi, Ui_, Z2, Uj)] 

Axiom of segment construction- 
Uio- (Vx) (Vy) (VixXVu) (3z) [ B(x, y, z) a L(y, z, u, v) ] 

Louder dimension axiom ■ 

(3x) (3y) 3z) [ ~B(x, y, z) a ~Biy, z, x) a ~B(z, x, y) ] 

Upper dimension axiom-- 
Uig: i'dv) (Vx) (Vy) (Vz) (Vu) 

[ ( L(Xi u, X, v) A L(y, u, y, v) a Liz, u, z, 1 -') a ~(u = p') 3 
4 {B(x, y, z) V B(y, z, x) v Biz, x, y) 3 ] 

Weakened continuity axiom- 
Ufy: (Vxi) (Vx2)(Vyi) (Vzi) (Vz2)(Vui) 
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[ c L(uj_, Xi, Ui, Xj) A L<Ui, Zi, Ui, Zj) A B(ui., Xi, Zi) A B(Xi, yi, zp) 

-> G w'P ( L<ui, Vi, uj., i/i) A B(xa, zj) 3 ] 

The clausal set for the above problem consists of 55 clauses, 20 from the 
above axioms and 35 from equality axioms for the above problem [WOL 84] 

Let us consider a theorem: 

For all points x and y, y is between x and y. 

The negation of the above theorem in FOL is given by 
~(Vx) (Vy) B(x, y, y). 

The clausal solution with explicit use of equality axioms requires 10 steps 
where as the solution by WRUE resolution requires only 3 steps as given below. 

Only LU, Uj^q, U14 would be required in resolutions given below, These formulae 
with functional dependencies substituted would be 

U5: (Vxp (Vyp (Vzi) [ L(xjl, Wi; ZjL, Zi) -4 Xi = yi 3 

Uicr (Vxg) <Vyp (VvXVu) (3 z(X 2, yj, u, v) ) [ B(x£j z^) a L(y 2 , Zg, u, v) ] 

U14: ~(Vxs() ) (VysO ) B<X5, yg, yg). 

The resolutions that lead to FxfLSE are as given below: 

Bi 4 i-^10 * ^1' 

( 3 Xg() ) (BygO ) (3Z2^X2, yg/ y/ ^ ~(Z2 “ yg)/ 

with substitution { GxgO lAVxg), (3yg0 )/ (VygM 

Ug Fi — 4 Rg* 

XgO ) OygO )(3z2(xg, yg, u, V) )(VZi) ~Uy3, Zg, Zi, Zi); 
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with substitution C OyaO )/Xi, ( 32 z<Xa, y.3, u, i/) )/yi 3 

^ iO ^2 R^i 

FALSE; 

with substitution 

( OygO )A\/yzh (3xg0 )/(Vx2), (Vzi)/(VUi). (VZi3/(Vi^i), 

i'w'Zi) /(\/u), (V2i)/(Vy) 3 

: 2-'6 

Binary Resolution vs Non-Clausal Resolutions 

We have already discussed some disadvantages of clausal form of resolution 
and also the advantages of non-clausal resolutions including WFF-resolution and 
its extensions with equalities ■there are some advantages of clausal 

resolution over the non-clausal ones. We consider below some of these. 

Most operations on non-clausal formulae including the ones with quantifiers 
in place, are more complex than the corresponding operations on clauses. The 
result of a non-clausal resolution operation is less predictable than the result of 
a clausal resolution operation, in the sense that just by looking at a pair of 
clauses guessing about the expected resolvent of a pair of clauses is easy, 
however, in the case of formulae, because of the structural complexity of the 
formulae, guessing the resolvent to be returned is not that easy. This is an 
important point when a theorem-proving system selects what operation to perform 
next on the basis of expected result. 

Further, from representation point of view, clauses are easily represented 
as lists of literals; sublists are appended to form the resolvents. Pointers can be 
used to share lists of literals between a resolvent and its parent formulae. With 
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simplification being performed during the formation of a non-clausal resolvent, the 
appearance of a resolvent may differ substantially from its parents, making 
structure sharing more difficult. 

X- H 

ZB' SPECIAL CASES 

We have already mentioned that equality, because of its properties like 
reflexivity, symmetry, transitivity and substitutivity, occupies a special place in 
reasoning. Incorporating these properties of equality implicitly is an essential 
requirement of a good automated reasoning system. We describe in the next section 
how our system incorporates these properties and how this affects the number of 
resolvents of a pair of formulae and the number of wnrf-f actors of a formula. 

Computing appropriate subwffs for the purpose of resolution and then 
finding the sequences of quantified terms within the scope of biconditionals is not 
straightforward and needs extra attention. How we handle bioonditionals in our 
theorem-prover is discussed in § 2^.2 

2p.± Equality 

First we describe briefly how the theorem-proven incorporates implicitly 
the properties of equality other than symmetry. Next, we discuss about symmetry 
and its impact on number of resolvents 
<i) REFLEXI^'liy 

In order to establish ((V x)(x = x) -» TRUE), 
we supply the negation 

4 ;; ' ■ - 

wffi: ~((V x)(x = X) -* TRUE) 
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to the theorem-proven. The proven immediately simplifies it to FALSE. 

In the rest of the cases; we assume that x, y, z.,..etc are constants only. The cases 
when at least one of these represents an existential variable or a universal 
variable can be disposed of similiarly, 

(2) TRANSITIVITY: 

In order to establish transitivity^ we supply the negation 
ivff : M < (x ==y) A <y = z)) -+ <x -z)), 

of the theorem to be proved. The sequence of resolvents generated may be as 
follows: 

> res! : s: z) 

u/ff'^resi > res 2: FALSE 

(3) SUBSTITUTION IN PREDICATES: 

To establish this property of equality; for each n-piace predicate P, we 
supply the negation 

Wff : ((x. = Xq) a P(Xi;, . . ; XA. . Xft)) -4 <P(Xi,. , , ; Xo . Xft)) 

of the theorm to be proved. THe sequence of the resolvents leading to FALSE may 
be: 

> resi: -- (Xi ~ Xq;^ 

resi^^wff > res2: F^LSE 

Following exactly the same sequence of stepS; we can prove the property of 
substitution in functions for each n-plaoe function symbol. 

Next/ we come to the symmetry property of equality. This property does not 
follow automatically. Rather; we have to include it explicitly; and the cost is 



CHAPTER t 


^FF-nESOLU7lOH HTTH E^ALITY 


4€ 


increase in number of resolvents. This is achieved by taking all syntactic-variants 
of the eciualities in the set of subwffi on which resolution of two formulae is 
required to be performed. 

For example, if we want to resolve 
wff: [ (P A (x = y)) A (P A (p = q))] -+ [(P A (r = s)) v (P a (t = u))], 

with itself, where P is a predicate-symbol. Then (P a =) is the structure of the 
subwffi on which resolution is possible. The set of subwffs having XP a =) as 
structure and occur ing positively in wff is C<P a (r = s)), (P a (t = u)3. Similiarly. 
the set of subwffs (P a =) as structure and occuring negatively in wff is C(P a <x 
= y)), (P A (p = q)3. Thus for resolution, we need to unify any non-empty subset of 
the set 

sub- f(P A <r = s)), (P A (t = u)) (P A (X = y)), (P a (p = a)3, 
taking at least one formula of each polarity. 

We choose sub itself for unifcation of its members. 

The set of equalities occuring in the above set is ( (r = s), (t = u), (x = y), (p = q)3. 
Corresponding to this set there would be = 8 sets of equalities obtained by 

interchanging the relative positions of terms in equalities such that the sets of 
terms to be unified are distinct, treating any two pairs of terms (of equalities), of 
the form (x y) and (y x) as same. For each variant we would be getting a set of 
subwff -variants from sub by replacing equalities in sub by corresponding 
equalities in the syntactic-variant of the set of equalities. On unification, each 
syntactic-variant of the set of subwffs may give rise to a distinct unification-list 
and subsequently a distinct disagreement set. We would get a resolvent 
corresponding to each syntactic-variant of the set of equalities, leading to 8 
resolvents. However, all of these resolvents may not be distinct. 
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In general, if we want to resolve two formulae n^ffl and ivffZ such that 
struct the structure of the subwffs on which resolution is possible includes the 
equality symbol = and such that there are mi subwf^fs of ivffi which occur 
with polarity as st-pol in ivffi and have structure struc; and m2 subwffs of 
which occur with polarity as opposite of st-pol in and have 

structure struc. Then the number of resolvents may be upto 

The above is sufficient to build in the entire effect of symmetry. It is claimed in 
[DiH 86] that the virtue of using this rule instead of including the axiom of 
symmetry in a theory U, is that it leads to a less redundant application of this 
axiom while preserving completeness, in addition to the fact that it eliminates the 
need to store the symmetry-variants of formulae. However, we feel that there are 
disadvantages also of using the rule, in the sense that now we may be required 
to generate ^ WRUE resolvents (if no other mechanism is used to have their 

effect) instead of just one if all the symmetry-variants are separately available 
for consideration. In our theorem-prover, we have included implicitly the symmetry 
property of equality. 

2^2 THE Biconditional 

We tackle the problem of biconditionals in the formulae to be resolved or to 
be factored, by treating each subwff (A h B) containing the biconditional as 
having been replaced by iA -> B) a (B -+ W). Now, if the the polarity of iA f+ B) in 
the parent formula say u/ff is positive, then using distributivity and 
associativity of a and v, we get a conjunction of two subwffs each being obtained 
by replacing the biconditional in ivff, by cne of the two conditionals. This 
conjunction is epuivalently nepresented by two formulae each representing one of 
the two conjuncts. However, if the polarity of (A -H B) is negative in' tvff, then 
we replace (A h B) by iA ^ B) a iB -+ A) and get just one formula. After getting 
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one formula/twQ formulae for wff, we resolve it/these with another formula or 
factor it/these. Thus, if bcdi is the number of biconditionals in the formulae 
i = i, 2, then the number of resolvents may be upto Also, the number 

of wnrf -factors of u^ffi may be upto 

Combining with the results of the previous section, we conclude that if a 
pair of resolvable formulae ivffi and u^ffZ contains respectively bcdi and bcd2 
number of biconditionals and if mi is the number of subwffs of i-L 2, on 

which resolution is to be performed such that equality is one of the literals in 
each subwff, then the number of resolvents may be upto 
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Divide each problem that you examine into as many 
parts as you need to solve them more easily. 
Descartes; Oeuvres, vcl. VI, p. 18; 
Discours de la Methode, Part II. 


This rule of Descartes is of little use as long as the 
art of dividing ...remains unexplained... By dividing 
his problem into unsuitable parts, the unexperienced 
problem-solver may increase his difficulty. 

Leibnitz: Philosophishe Schriften, 
edited by Gerhardt, vol. IV, p. 331. 


3.1 MAIN ALGORITHM 

This section briefly explains the implementation of the uff-theorem-prover 
using pseudo~code. The next section contains a detailed discussion on the 
procedures constituting the theorem-prover. 
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The pseudo-code for the Iheorem-prover: 


1: Load the LISP file ivff-theorem-proi/er 

1. Automatically loads all the LISP files constituting the theorem-prover. 

2. Asks the user to go to another window or to create a new window^ give the 
shell command wFf-u'pdster, in order to keep all the formulae prompted on 
the window ^to be called inf ormation i*>ir>dou>) during the session of theoretn- 
proving. 

3. Prompts information on the execution window (the window on which the 
theorem-prover is being run) about possible errors and how to handle these 
errors. 

4. Calls the procedure wff^ -resolution. 

1.4 The proceohore wff-resolution 

1. Initializes the global variables, 

2. Offers the options to choose, for tracing either dll the major functions, 
some functions or none . In the case of second option, it requires the user 
to supply the names of the funotions desired to be traced. 

3. Calls the procedure read-wff-list to read-in the formulae representing all 
the hypotheses and a negation of the statement to be proved, 

4. Offers the following methods to choose one from, for resolution of pair of 
formulae: 

(i) WFF-resolution (with complete unification), 

(ii) WRUE (open form), 

(iii) WRUE (strong form). 

5. Offers iteratively the options to choose one from the following, until the 
statement is proved or the user wants to quit unsuccessfully: 

(i) resolving a pair of formulae. If the option is chosen then the 
procedure select-proper-pair-and-resolwe is called, 

(ii) factoring a formula. If the option is chosen then the procedure 
seleci-proper-wff-n-compute-nrf is called, 

(iii) to quit-resolution unsuccessfully, 

6. Quits successfully proving a particular statement, if at any stage a 
resolvent or a wnrf returned' is FALSE, or unsuccessfully if the user wants 
to quit without proving a statement. 

7. Offers the option of either attempting to prove another statement by calling 
the procedure wff-resolution or to quit to toP-level LISP environment. 


1.4.3 The frxicedure read-wff-list 

i. Asks the user to choose one of the foll'owing forms of representation, to 
* read the initial forifnulae in: 

(i) internal form, /■■ '.. y - ;*■ 

(ii) external form, , - 
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(iii) natural language form. 

2. Prompts an example formula in the form of reprentation chosen at the 
previous step. 

3. Offers the user to choose from one of the above forms of representations 
in which the formulae would be prompted on the information-window. 

4. Iteratively prompts the user to supply valid formulae until nil is supplied. 

If expression supplied is not i/alid as a formula. 
then 

the user is prompted to supply another expression until 
an expression valid as a formula is supplied 

else 

(i) it is converted to internal form, if the form chosen for 
reading formulae is external or natural language form, 
through respectively the procedures inter nalize-eyt- form 
or inter nalize-nl-f or m . 

(ii) the expression obtained at the' previous step is simplified 
through the procedure simplify. 

(iii) the expression obtained at previous step is renamed 
through the procedure rename-\/ars . 

(iv) a name of the form Iwff-lfl is associated with the formula 
obtained at step (iii), where JK is a natural number. 

(v) information about the formula, its name and its sequence- 
of-polarized-atoms is promoted on information-windou. 

endif 

5. if the value supplied is nil then read-wff-list is terminated. 

1.45.1 The procedure select^xtroper-pair-and-resoh'e 

1. Prompts the user to supply the names of a pair of formulae, to be resolved. 
Information about the pairs already tried for resolution is prompted on the 
execution-window , 

2. Calls the procedure ASUFR to compute propositional-structure of the 
subwffs on which resolution of the two formula is to be carried out. /(SWFR 
returns also the polarity with which the subwffs from the first formula, 
occur in the first formula, 

3 . Calls the procedure all-resolvants to compute all the resolvents of the pair 
selected at Step 2. 

1.4 .5.1.3 The procedure all-resoh'ants 

1. tests for the presence of biconditionals in the pair of formulae to be 
resolved. 

2. If none of the two formulae contains a biconditional 

then 

the procedure all-resoluants-aux or make-resoli'ant is 
balled, depending bh whether equ is a part of the 

subwffs on which resolution is to be performed or not 

else vys:v 

for each tsiconditional occuring as a main connective of a 
subwff say Ist « S 2 ) having positive polarity in one of 
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6. Assuming that all the members in the set of subwffs become identical after 
step 5., for each of the two formulae and corresponding subsets of subwffs 
chosen at Step 2., each occurrence of a subwff from the subset is replaced 
in the corresponding formula by TRUE if the polarity of the subwff is 
negative <or nil) in the parent formula, else is replaced by E><4LSE. 

of the two modified formulae obtained at Step 6., is simplified through 
the procedure simplify to drop TRUEs and Fy^LSEs 

8. Quantifiers are added or dropped appropriately from the disjunction of the 
two formulae obtained at Step 5, by calling respectively the procedures 
append-Qtfiers and drop-ptfiers . 

9. The formula obtained at Step 6 is simplied and is returned as the required 
resolvent . 

10. A name of the form lres-5lfl, where is a natural number is associated with 
the resolvent derived at Step 9. 

11. The resolvent returned at Step 9 is prompted on the execution-u^indow and 
also the resolvent alongwith its associated name and its sepuence of 
polsrizsd atoms is prompted on the information u>indow. 

1.4 .5. 1.3 .4 .3 .3 The procedure LSM 

l.For each set of literals (having same predicate-name and occuring with same 
polarity in parent formula), from one of its arguments viz the set of sets of 
literals, the procedure SLSM is called iteratively to modify the unification 
list and disagreement set, 

1.4.5.1.3.4.3.3.. 1 The procedure SLSM 

l.It calls the procedure SLSU to compute the unification-list of the set of 
literals supplied to it as an argument, 

Z. Substitutions are made through procedure assoo-list-subst corresponding to 
this unification-list in the formulae to be resolved , which are also supplied 
as arguments and also in the subset of set of subwffs returned by nand-SES 
earlier in Step 1. of the procedure maye-resol\/ant. 

3, Disagreement set is modified through the disagreements of literals in the 
set of literals through procedure choose-Iiteral-dis. 

1.4.5.1.. 3.4..3.3.1.1 The procedure SLSU 

1. For each pair of literals, formed by taking the first literal in the set of 
literals supplied to it with the remaining ones one at a time, the sequences 
of quantified terms are computed through the procedure subuff-pt-terms, 

2. Using the method of resolution chosen at Step i.4.4., the unification list is 
modified through new unifications yielded by the corresponding quantified 
terms of the pair selectde at Step 1. 

1.4.5.2 Tl« prwedia^ select-proper-^i^f-iT-compute-firf 

l. If the set of formulae, initially gii^en or obtained later as resolwepts or 
factors does not contain a formula that has at least one equality 
wth nesatiue polarity in the formula 
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then 


the ppoceduPB is exited with apppoppiate message 

else 


a fopmula containing at least one equality with negative polarity in 
the fopmula is selected and the ppocedupe 9Bnerstesll~rtcnrf- 
fsctors is called to return all the factors of the formula 

endif 

1.4.55.1 The procedure generate-all-ncnrf-faciors 

1. If there is a biconditional in the formula having an equality in its scope 
then for each occurrence of the biconditional the formula is replaced by 
one formula or two formulae as in the case of resolving a pair of formulae. 
But here replacement is done only when there is an equality in the scope of 
the biconditional. Then the procedure gBnerate-all-ncnrf'-fBctors is called 
for each of the newly generated formulae in stead of the selected one. 

2. The set of all negative equalities of the formula is returned through the 
procedure set-neg-eqls-of . 

_ 3. Set of all syntactic-variants of the set of negative equalities obtained at 

Step 2, is generated through the procedure generate-all-eas. 

4. For each syntactic-variant of equalities in the set obtained at Step 3., the 
procedure ncnrf-f actor is called with the formula and syntactic-variant 

as two of its arguments. 

1.4.55.1.4 The procedure ncnrf-factor 

1. Offers the user to choose a proper subset of the set of (negative) 
equalities, for any partial factoring of the formula. 

2. The set of negative equalities selected at Step 2, or for that matter apy 
set of negative equalities, is a set of literals all having the same 
predicate-name and negative polarity in the parent formulae. Hence., instead 
of the procedure LSM, the procedure SLSM is directly called to generate 
disagreement set and unification list of the set of negative equalities 
selected at Step 1. 

3. Replaces all those negative equalities in the formula, which belong to the 
set selected at Step 1., by TRUE. 

4. Simplifies the formula obtained at Step 3. to remove TRUEs and F/lLSEs from 
it. This gives the desired wnrf-f actor. 

5. A name of the form lres-*l where * is a natural number, is associated with 

the resolvent obtained at Step 4. - 

6. The wnrf-f actor alongwith its associated name is prompted in the execution- 
u>indou>. Also, the wnrf-f actor alongwith its associted name and its sequenoe- 
of-polarized atoms is prompted in the information-window. 
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3.2 THE PROCEDURES 

The implementation of the theorem proven, yiz., WFF-REBOLUTION with 
equality is done by defining a number of procedures. The procedures which 
accomplish some subtask or are similar in nature are grouped together into 
3 We describe below the various procedures constituting the 

implementation on a file-by-file basis. The files are considered in a logical 
order, rather than in a lexicographic order. 

3.2.1 The me "aux" 


This file contains procedures which are frequently called by procedures 
contained in other files. Six major modules of procedures as given below 
are included in this file. 

3.2. 1.1'- The procedure SBt-m3cro-chsr3cter allows the user to give abbreviated 

forms of internal representations of some basic constituents of well formed 
formulae. For inputs ?Ux, ?Ex, ?Fx and ?Cx it returns respectively ($univ X), 
($exist x), ($fun x) and «$fun x)). 

3.2-1.2: The second module of procedures is meant for checking an expression as 

a valid well formed formula. Some of the procedures included in this module 
are — is-i^alid-fr, is-at-fn is-eQuality, is-negsted-fr, is-qtfied-fr, is-bi- 
conneoted-fr, is-uff-sea-of -terms, is-u/ff -function-term, etc. If we replace fr 
by form and at by atomic, then it is clear from the name which property of a 
formula, the corresponding procedure is intended to test. 

32.1.3: The next module of procedures defines a valid sequence of terms for 

unification purposes. There is slight difference between a valid term 
appearing in a formula (to be referred to as a u/ff-term) and a valid term 
for the purpose of WFF-resolution (to be referred to ^s a resolution-term). 
The difference between a wff-term and a resolution-term is that a wff-term 
is what we mean by a term in FQPC, each cf which is also a resolution-term . 
But in resolution terms, in addition to the FOPC variables, we may also have 
existential variables of the form (x (y t)) denoting the fact that x is an 
existential variable and the quantifier x is within the scope of the 
universally-quantified variables y and t and further within the scope of no 
other universally-quantified variable in the well-formed formula under 
consideration 

32.1.4 The procedure concstenate-symbols accepts a list of numbers, strings 
and symbols and returns a symbol obtained by first converting the numbers 
and strings in the list to the corresponding Symbols and then concatenating 
the list of symbols so obtained. 

32.1.5 Next, we come to one of the most useful module of procedures. This 
module through its main procedure proper-read provides a mechanism for 
type-checking and for safe-guarding the system against being forced to exit 
the theorm-prover due to error in the types of the values supplied by the 

user. The header of the main procedure is 

(defun proper-read ( uar Scoptional func-enu input-stream 

eof-error-p eof-ualue recursii^e- 

p). 

The parameter var above stands for the name of the variable for which a 
' value is required to be supplied by the user. The condition func in the 
parameter funo-eni/ roust be satisfied by the value supplied. The condition 
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3.2 The PROCEDURES 

The implementation of the theorem proven, WFF-RESOLUTION with 

ecjuality is done by defininy a number of procedures. The procedures which 
accomplish some subtask or are similar in nature are grouped together into a 
file. We describe below the various procedures constituting the implementation on 
a file-by-file basis. The files are considered in a logical order/ rather than in a 
lexicographic order. 

32.x The fUe 

This file contains procedures which are frequently called by procedures 
contained in other files. Six major modules of procedures as given below are 
included in this file. 

The procedure set-macro-character allows the user to give abbreviated 
forms of internal representations of some basic constituents of well formed 
formulae. For inputs ?Ux; ?EX/ ?Fx and ?Cx it returns respectively ($univ X), ($exist 

m 

x), ($fun x) and (($fun x». 

3.Z.IJZ: The second module of procedures is meant for checking an expression as 

a valid well formed formula. Some of the procedures included in this module are— 
is-u'alid-fr, is-at-fr, is-eauality, is-nesated-fr, is-atfied-fr, is-bi-connected-fr, is- 
wff-sBQ-of -terms, is-wff -function-term, etc. If we replace fr by form and at by 
atomic, then it is clear from the name which property of a formula, the 
corresponding procedure is intended to test. 

3.2.1.3: The next module of procedures defines a valid sequenoe of terms for 

unification purposes. There is slight difference between a valid term appearing in 
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a formula (to be referred to as a (vff-term) and a valid term for the purpose of 
NFF-resolulion (to he. referred co os a resoluiion-terTn) . The difference between a 
k'ff-ter/7) and a resolution-ierrri is that a ivff-term is what we mean hy a term in 
FCPl. each of which is also a resoliition-term. But in resolution terms, in addition 
to the FOPk^ variables^ we may also have existential variables of the form (x (y t)) 
denoting the fact that x is an existential variable and the quantifier x is 
within the scope of the universally-quantified variables y and t and further 
within the scope of no other universally-quantified variable in the well-formed 
formula under consideration 

32.1.4 The procedure concatenate-symbols accepts a list of numbers, strings 
and symbols and returns a symbol obtained by first converting the numbers and 
strings in the list to the corresponding symbols and then concatenating the list of 
symbols so obtained. 

32.1.5 Next, we come to one of the most useful module of procedures. This 
module through its main procedure proper-read provides a mechanism for type- 
checking and for safe-guarding the system against being forced to exit the theorm- 
prover due to error in the types of the values supplied by the user. The header 
of the main procedure is 

(defun proper-read ( i^ar Ecoptional f'unc-eny input-stream 

eof-error-p eof-i/alue recursik^e-p). 

The parameter t^ar above stands for the name of the variable for which a value is 
required to be supplied by the user. The condition func in the parameter func-ew 
must be satisfied by the value supplied. The condition func may be a predicate like 
member f symbolp etc, or a logical combination of predicates. Further, IF a 
predicate like member or < reddir^Ms another argument, then it is provided by en\/ 
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component of func-en^', otherwise eni/ is not specified. Rest of the parameters in 
propBr -reBd are those that appear in the system-defined procedure read. 

The procedure goes on prompting the user to supply values until the value 
satisfies func-enw . An example given below may help in elaborating what 
proper-read accoplishes. The function call 

(proper-reBd 'x 'tor zerop (member (10 20 30)))) 
would prompt on the window the following message: 

supply a I'-alue for x ; w.r.t (or zerop (member (10 20 30),)). 

If the user supplies any value (not necessarily an integer value) different from 0, 
10, 20, or 30, say 15, then the following message is prompted; 

Supply another ualue, the ualue 15 is inappropriate. 

The process continues until a value which is in the set CO, 10, 20, 303 is supplied, 
and which is then accepted. 

312.1.6 Finally, we have included in the file the definitions of a number of 
procedures like our-set-union, our-member etc. which rename some of the 
system-defined procedures, or which generalize some of the standard procedures. 
For an example of the later type, the procedure d-member (for deep-member) with 
its header 

(defun d-member (ele Us), 

determines whether ele is a member of lis treated as a tree structure, or not. In 
other words, whether ele is either a member of lis or a member of a member of lis 
and so on, or not. 

32.2. The File Convert 

In order to facilitate readins and supplying of the formulae by the user, we 
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have made provision for two other forms of representation of formulae, The two 
forms are named EXT (for extBrnsl~form) and NLF (for natural-language form), 
whereas the form of representation used for the system to manipulate formulae is 
called IHT (for internal form). The IHT representation of formulae includes a large 
number of parentheses. Many of these parentheses are eliminated from the 
corresponding representations in EXT and NLE, Also, some of the terse forms like 
($exist x), ($uniw x), and (($fun f) x y) 

are respectively replaced by 

<>£ X), ()U X), and f(x y) in EXT 

and by 

ifor-some x), (.for-sll x) and f(x y) 

in NLF , 

Further, the symbols OR, NOT, IMPLIES, IF-AND-ONLY-IF are used in NLF to 

represent logical operators in stead of the corresponding symbols 8c, v, -h 

used in INT and EXT. 

We give below in the three forms, the representations of a formula. 

The formula (in FOPC) 

(3 x) (V y)(a z) ( P (x) -+ { Q (f(x,y» -» (~ T(z)) } ) 
is represented in INT by 

( <$exist x) ( ($univ y) ( ($exist z) ( ( P x) -+ ( ((2 (($fun f) x y)) -4 (~ ( T z))))))) 
in EXT by 

(>E x) (>U y) (>E z) ( (P(x)) -♦ (Q(f(x y) -♦ ( ~ T(z)))) 
and in NL F by 

(for-some x) (for-sll y) (for-some z) ( (P(x) implies 

( Q (f(x y))) implies (~ T(z)))) 

The following procedures are included in the file concert 
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-ext-iyBlid-form, that, checks for the validity of a formula in form EXT, 
nl-wslid-f or rrii that checks for the validity of a formula in form NLF, 
-externallze-ivff, returns for given representation of a (valid) formula in INT, 
the representation of the formula in form EXT, 

—naturalize-u>f'f, returns for given representation of a formula in INT, the 
representation of the formula in form NLF, 

—inteT'DalizB-ext-form, converts representation of a valid formula in form EXT to 
representation of the formula in form INT, 

-intBrnalize-nl-form, converts representation of a valid formula in form NLF to 
representation of the formula in form INT . 

3^.3 Equiivalence Preserving Formula-Modifiers 

In order to facilitate manipulation of the formulae by the system, it is 
desirable to transform (internally) the formulae to some equivalent simpler form 
in FOPC) . Also, it is essential for applying resolution (any method) to a pair of 
formulae that these formulae be variable-disjoint. One simple technique of ensuring 
variable-disjoint requirement is to rename all the variables in the two formulae 
ind then applying resolution to the modified formulae. Three files viz lexico, simp 
ind rename contain procedures that carry out the above-mentioned transformations 
3n formulae. 

3.2.3.1 The File lexico 

The file contains procedures namely fvff-Iexico-comm, uiff-lexico-asBo and 
>ingle-op-9en-asBO which make use of commutativity and associativity of the 
jperations &, v, H, to transform a given formula into an equivalent formula that 

las better lexioographic ordering for its pnedicate symbols and then for its 
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argument-H. It would be less costly to compute resolvable subwffs from formulae 
with improved lexicographic ordering. The procedures u^ff-lexico-comm, jvff-lexico- 
asso make use of respectively commutativity and associativity of the operations 
^ reorder atomic subwff$ in the formulae. The procedure sinsle-op-gGn- 
assoc rearranges the atomic formulae in the lexicographic ordering; if any one of 
the operations Si, v, h occurs in a subwff at least two times and no other 
operation occurs in that subwff, by making use of associativity of the operation. 
This procedure is different from ivff-’lexico-asso in the sense that the later 
modifies the given formulae w.r.t exactly two consecutive occurrences of an 
operation from the set C }, whereas this procedure can be applied to modify 

a formula for any number of consecutive occurrences of an operation. 

32.3.2 The File simp 


The main procedure in this file is simplify. This procedure eliminates from 
a formula (except the formulae TRUE and FALSE) all occurrences of TRUEs and 
PxILSEs to return an equivalent formula (in FOPC). Further, it makes use of rules 
of logical equivalence to return shortened and simplified equivalent formulae. 

For an example, the procedure simplify returns TRUE , on input of the formula 

> 

{:~(~P(x) A TRUE) A (P<x) V FALSE) 3 a <~P(x) ) ]. 


35.3.3 The File rename 

The file rename includes a number of procedures with the main procedure 
named rename-i^ars . These procedures to 9 Ether rename the variables in a siven 
formula in the restricted sense described below. 

All occurences of a name in a formula representing the same variable, are 
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replaced by the same new name Two oeri lrDr,^^oe i- * 

iiMo DDcurenoes of a name representing two 

distinct variables are replaced bu twn HitrUn^* r- , , i,_ 

py two di_.tinct new names. For example, for the 

formula (in IHT form of representation.') 

( (($exist X) (P X)) & ($exist x) (Q x)))), 
rename-iyars returns 

( (($exist (X . i) (P (x . i)) & ($exist (x . 2) (G? (x . 2)))). 

The variable-names in the user-supplied forms of formulae must be symbols only. 
All the names (with no exception) of all the variables in the user-supplied forms 
of the formulae are replaced by new names. However, for all other forms of 
formulae which are either obtained by renaming the variables in a formula or 
which represent resolvents or factors, only the names of universally-quantified 
variables are replaced by new variables, keeping the names of existentially- 
quantified variables intact. 

All the new names in the renamed forms of formulae are conses of the form 
(x . n) where x is a symbol representing the name of a variable in the user- 
supplied form of a formula and n is a natural number. A symbol x in the user- 
supplied form of the formula is replaced by a cons (x . i), where i is some least 
possible positive integer not used so far in renaming any variable at the time of 
renaming of x. Further, any variable name in a formula, represented by a cons 
(x . k) is replaced by a cons of the form (x . t), where t is the smallest positive 
integer not used in renaming any variable so far. We consider below two examples 
to elaborate these ideas, 

Example 

For user-supplied formula 

wffi : ( ($exist x) ( ($pniv y) ((P x) -» ( ~ (Q (($fun f) x y)))))) 
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rensms-uBrs returns 

wffZ : ( ($exi5( (X . 5)} (y , 5)) ((P (x . 5)) 4 < ~ (Q (($fun f) (x . 5) (y , 5))))))), 

where 5 is the least positive integer available at the time of renaming variables 
in u)ffi (i to 4 having been already used in renaming variables in some other 
formulae earlier). 

However, for formula wffZ, the procedure renaroe-vars returns 
wff3 ■■ ( ($exist (x . 5)) «$univ (y . 6)) ((P (x . 5)) ~ (Q (($fun f) (x . 5) (y . 6))))))), 


3J2.4 The File read-uffs 

This file contains procedures that put on a list named set-of-wffs, the 
formulae that are either initially supplied formulae representing the hypotheses 
or a negation of the theorem to be proved, or that represent resolvents or wnrfs 
obtained subsequently. Also, after reading-in each formula, a message of one of the 
following forms depending on the origin of the formula is printed to a file named 
set-of-named-wffs as well as prompted on the screen; 

"wff-8 names ( (P) -» ( (Q) -♦ (R) ) )" 

or 

"res-8 names ( (P) -+ ^ (Q) -+ (R) ) )" 

or 

"nrf-8 names ( <P) -♦ ( <Q) -+ *!RJ 5 )”• 

The file set-of-named-u/ffs with its latest contents is kept prompted on one of the 
windows throughout the session of theorem-proving. An executable program named 
u'ff-updater keeps watch on this file and whenever there is an update of the file 
because of a message for a newly re^d- formyla, the change is immediately 
reflected on the window by u/f f -updater. 
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For each of the three types of formulae viz initially supplied, a resolvent 
and a wnrf, there is a procedure named respectively read-u/ff'-list, put-resoli^ent- 
on^sBt'^of-nBfPBd-u^ffs and put-ncnrf-on-set-of-named-tvffs for the purpose explained 
below. For reading-in initial formulae, the procedure raad-uiff'-list provides the 
user with three options for the forms of representations in which the user wishes 
to supply the initial formulae. The three forms are intsmal for/r?, which is 
efficient for the machine to manipulate the formulae in, external form, which is 
compact and easier for the human beings to read and supply formulae in, and 
finally nstural-langusgB form which is similiar to the external-form with the 
difference that it has natural language names for quantifiers and logical 
connectives. The procedure read-wff-list first checks the expression suff^l'i^by 
the user for its validity as a well-formed formula. If the expression supplied does 
not represent a valid well-formed formula the procedure goes on prompting the 
user to supply another expression until an expression representing a valid well- 
formed formula is supplied. Next, if the form used for reading-in the formulae is 
external form or natural-language form, it calls a relevant procedure from the 
file convert to convert it to a valid formula in internal form. Further, the 
formula in internal form is simplified through the procedure simplify and finally 
the procedure rename renames the variables in the formula and puts it on list set- 
of-uffB . Also, if the formula happens to be a positive equality then read-u/ff-list 
puts this formula on the list named set-of-positive-equalities. 

The procedures put-resolweni-on-set-of-named-wffs and put-ncnrf-on-set-of~ 
named-ti^ffs put respectively a resolvent and a wnrf on the list set-of-u>ffs and a 
corresponding message on set-of-named-tvffs. Further, if resolvent or wnrf happens 
to be a positive equality then it is 
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3.Z.5 Auxiliary-Information Yielding Procedures 

Next, we conEider the file tot-pol containing a module of procedures which 
yield different pieces of inforamation about a formula and its subwffs. The 
information provided by these procedures is used in other procedures, 
particularly in the procedures which decide on which subwffs of two given 
formulae a resolution method is to be applied. We describe below some major 
procedures in the file, alongwith an example of each for illustration. 

3J2.5.i The Procedure Polarize 

For a given formula u^ffi, this procedure provides the polarity in wffi of 
each of its subwff . For example, for the formula 

ivffi : ( ($exist x) ((P x) -4 (Q y)) ) 

polarize returns 

expi ; (+ (($exist x) ( +((-(P x)) -» (+(Q y)))))). 

The expression expi is interpreted as follows to yield the required information •• 
Start reading expi from left-hand-side, whenever we get a + or a - sign then it 
gives the polarity of the subwff obtained by removing all the +s and -s from the 
subexpression of expi obtained from expi by starting with the left-parenthesis 
immediately next to the + or - under consideration and continuing upto the 
matching right plarenthesis. 

3i2.5.2 The Procedure PN/IOQ iset-of-pol-aioms-ufff) 

For a given formula jvffi, the procedure returns a list of two objects viz 
i. the set of all predicate-names oocuring in n/ffl, alongwith their polarities in 
wFfL. If a predicate-name occurs with both polarities in wffl ,then it is in the set 
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with both polarities, 

2. modified formula obtained from the formula after replacing each occurence, if 
any, of +-♦ with either -*00 ♦- suitably. 

For example, for the formula 

tvffZ : ((Sexist x)(($uniu' y) (((P x) -> (P y))) h «R y) a (P y))))), 

PN/OQ first prompts the user to supply a value of h. If the value supplied is 4- 
then PN/^OQ returns the list 

( (+P -P -R) ((Sexist x)($uniw' y) (((R y) a (~(P y)))) -» (((P x) -+ (P y))))))) 


3:Z.5.3 PSOPA (parenthesized-seq-of-pol-atoms) 

For a given formula, PSOP/^ returns a seauence of atoms alongwith their 
polarities in the given formula and also parentheses are retained to indicate 
subwff relationship of various components of the formula under consideration. F(ir 
illustration, consider the formula wff2 of the last subsection alongwith the same 
replacement f- for h in ivffZ. Then PSOPA returns 
( (-P +P) (-R +P)) 

3.2.5.4 Other Proceduers in the Module 

The procedures pred-sea and pred-set return respectively sequence of 
predicates and set of predicates occuring in a formula. The procedures erg-seQ 
and arg-set provide respectively the sequence of arguments and set of arguments 
of atoms and functions occuring in a given formula. 

For example, 

for the formula ivffZ of 53.2.5.2 


pred-seq returns 
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(P P R P) 
pred-set returns 
(P R) 

srg-sea returns 
(X y y y) 

and ary-set returns 
(X y). 

32..G The File deps 

This file represents a module of procedures which either returns 
dependencies of existential variables of a formula or substitute these 
dependencies in the formula. The procedure dependencies returns for a given 
formula an association list in which the key is an existential variable and the 
datum of a key is its dependendency in the given formula. Its auxiliary prooedure 
dependency-aux, useful in its own right, returns a list of the following three 
objects: 

1. a list of all the universal variables occuring in the formula, 

2. a list of all the existential variables occuring in the formula, 

3. an association list of the type mentioned above. 

The procedure dependenoies-aux requires four parameters in its definition namely 
subwff i, flagi, flagZ and deps-sssoc, where subwffl represents a subwff of the 
given formula say wffi, flag! indicates the polarity of subivffl in ivffi, flay2 is a 
flag which is a non-nil if subwffl is in the scope of a biconditional (i.e, h ) in the 
formula ivffi, else flayZ is nil and deps~assoc is an association-list of the type 
mentioned above, which is modified by depepcl^^cjies-aux by adding the list of 
existential-variable-dependency pairs for the existential variables of wffl 
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occuring in subtvffi. Another procedure in the module is dependify, which modifies 
a given formula by replacing each existential quantifier of the form ($exi 5 t x) or 
($univ X) (depending upon the polarity of the quantifier in the formula) by 
respectively ($exist x (y z)) or ($univ x (y z)), where (y z) is the dependency of x in 
the given formula wffi. To explain these ideas, we consider below an example. 

For the formula 

wff5 ■■ ( (Sexist x)( (Sunil/ y) (~(($exist z) (($unii/ Uf) (P x w y z)))))), 
dependencies-aux returns the list 
( (y z) (x iv) ((iv y z))), 

where first element (y z) in the list is the set o+ universal variables in ivffS, the 
second element (x w) is the set of existential variables of u-'ffS and the last 
element viz the list ((«-' y z)) indicates that only existential variable of u>ff5 that 
has non-nil dependency in ivffS, is ui and its dependency is (cdr (u' y z)), i.e, (y z). 

The procedure dependencies returns for the formula f+’ffS, the list ((n/ y z)), 
the interpretation of which is the same as explained above. Finally, the procedure 
dependify returns for ivffS, the following formula 
( ($exist x)( ($umi/ y) (~(($exist z) (($unii'' iv (y z)) (P x jv y z)))))), 

3.Z.7 The file Sea 

This file contains a module of procedures with the main procedure 
subwff-Qt-terms, that computes for given formula say wffl and its subwff say subi, 
the sequence of quantified terms (for resolution) of any occurence of subi in 

tvffi, 

For example, 

for the formula , 
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u>ff6 ■ ( <$unii-' x) (~';($unik' y) (.(($uniw zKP x y z)) -» (Q x)))))) 
and 

sabi • z) (P x y z))), 

the procedure call 

(subu/ff-at-terms subi ivffS) 
returns 

(x < y(x) ) z). 

The list ( X (y(x)) z) denotes that x and z are universal variables and y is an 
existential variable depending on the universal variable x. 

3^.8 The File structure 

This file contains three major procedures viz structure-of, structurally-eQuii/alent 
and u>ang-proue. 

For a given formula, the procedure structure-of returns the propositional- 
structure of the formula. 

The next procedure structurally-eQUiiyalent checks for truth-functional equivalence 
in propositional calculus (PC) of propositional structures of two given formulae. It 
returns non-nil if the propositional structures are equivalent in PC, otherwise it 
returns nil. 

For example for the two formulae (represented in INT form) 

wff7: ( ($exist X) ( (P X) -+ ( (Q (($fur/ f) x) x)) & ( ~( R( (($fun s) x)))))) 

and 

k/ffB : ( ($uniw y) (((~ (P (($fun g) y))) v (~(R y))) & ((P y) -+ (Q y (($fun c)))))), 
the procedure structurally-eQuiwalent returns T. However, if in the formula ivff B, 
we replace any one of the the binary logical connective by some other binary 
connective then the procedure would return nil. 
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The last procedure of the module viz ^ang-prowe suggested by Wang 
[Wan 1960] checks a formula for its being a tautology of PC. For a given valid 
propositional formula FR, u/ang-proi/e returns non-nil if FR is a tautology, else it 
returns nil. 


3 2.9 The File apt-for-resolution 

The main procedure ^SWFR (appropriate-subwff-for-resolution) in the file 
computes, for two given formulae (vffl and wFfZ, a maximal propositional structure 
PS for which there exist SU-equivalent subwffs subi and sub2 respectively of 
formulae wffl and (vff2 such that subi and sub2 occur with opposite polarities in 
their respective parent formulae, and also such that propositional structure of 
subi is PS. This procedure is helpful in determining largest possible SU- 
equivalent (partially) unifiable subwffs of the given (WRUE-) resolvable formulae. 
For the given two formulae wffi and wfPZ, ASUFR returns a list of two objects viz 
the 'above-mentioned PS and the polarity of subi in tf-ffi. 

For illustration, 

we consider below an example. Let 

ivff9 ; ( (((P) -> (Q)) (R)) & (T)) 

and 

(vffiO : ((S) & ( (G) -4 ((L) V (~ ((P) & (~ (Q))))))) 
be two given formulae. Then the call 

iASUJFR U>FF9 wffi.0) 

returns 


((P -4 Q) nil). 
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Note that in the last expression (P Q) is not a subwff of wPfS but is a 
propositional structure of a subwff of ivffB. The list ((P -+ Q) nil) indicates that 
there is a subwff of wPfS with propositional structure f,P -+ Q) that occurs 
negatively in wPfS. on which (WRUE-) resolution of ivff9 and ivfflO is possible. 


3 . 2.10 The Varicxis Unification Algorithms 

There are three main unification algorithms viz sea-uniPy, mgp-seu-uniPy and 
ncrue for unifying two sequences of quantified terms. For two formulae wffi and 
(vff2 resolvable on subwffs say subi and sub2 respectively, the sequences of 
quantified terms of subi and subZ are obtained through the procedure SL/bwff-Qt- 
terms contained in the file Sea. 

3.2.10.1 The procedure sea-unify 

The procedure seq-uniPy contained in the file seq-uni attempts to unify 
(completely, not partially) the two sequences of quantified terms supplied for 
unification, by considering possible unification of the terms at corresponding 
positions in the two sequences. Two sequences of terms for unification are 
uniPisble if each pair of terms at corresponding positions in the two sequences, 
are unifiable. In other words, if unification of any two terms at corresponding 
positions in the two sequences fails, for the reasons to be explained later, then 
unification for the two given sequences of terms also fails. In this case, the 
procedure returns ‘$Pail. Also, if the lengths of the two given sequences are not 
equal then also unification fails and '$f ail is returned. For two (completely) 
unifiable sequences of terms, a unification list of pairs is returned, where each 

pair is a list, the first element of which is a universal variable and the second 
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element may be either a universal variable, an existential variable or a functional 
term. Two identical terms at corresponding places in the sequences are taken to 
be unifiable, but no pair is put on the unification list. Unification fails for two 
terms at corresponding positions in the two sequences, if out of the two terms, 
either one is existential term and the other is a functional term or both are 
functional terms with distinct function names or both are existential terms with 
distinct names. Two terms, both being existential with same names, are unifiable if 
their dependencies are unifiable. Similiarly, two functional terms with ■ same 
function names are unifiable if the lists of their arguments are unifiable. For 
unification of two terms, it is essential that at least one of the two terms be a 
universal variable. For a universal variable with more than one occurences in the 
sequences of terms; after the first occurence of such a variable, unification is 
attempted between the terms, that correspond to the various occurences of the 
universal variable, in the other sequence. 

This procedure is used for unification of the quantified terms in the WFF- 
resolution method of inference. 

32.iOJZ The procedure rngp-seo-unify 

This procedure for unification of pair of sequences of quantified terms is 
similiar to the procedure seq-unify with the difference that msp-seq-unify 
returns only when the lengths of the two sequences of terms, are not equal. 

All other cases of the pair of terms for which seq-unify returns $fail, are just 
ignored by mgp-sea-unify. After each ignored case of corresponding terms, 
(partial) unification is attempted for subsequent pairs of terms in the two 
sequences of terms. The procedure mgp-seq-unify returns similiar sequence of 
terms as does the procedure seq-unify> 
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This prhosdurs is used for unification of the ouantified terms in the UWE- 
rBSOluiion <open form) method of inference. 

32.10.3 The Procedure ncrue 

This procedure is similiar to the procedure rngp-seq-unify for computing 
partial unifier of sequences of terms (for unification) of two formulae say wffi 
and wffZ . The procedure ncrue differs from the procedure rngp-seq-unify only 
in a special case when corresponding pair of terms to be unified are two distinct 

functional terms with identical function names. If the two terms are ftt^, tg, ,tn) 

and f(Ej., S2; such that t,-, for at least one i with i i i <[ n, then in mgp- 

seq-unify, we attempt partial unification of the sequences of terms for unification 

that correspond to the argument sequences (tj,;t2, ,tn) and (s^, Sg, ,sr,) of the 

functional terms. However, in ncrue we do not attempt unification of f(ti, tg, ,W 

and f(£i, £2, ,Sr,)i treating these as pair of not unifiable terms, if the 

disagreement set of the given formulae urffi and wff 2 , which would include the 

cons < ta, ,tn) . f(si, ,sn) ), is viable. However, if the above viability 

requirement is not satisfied then the unification of the two terms fCt^, t2,.,...,W 
and f(£i,, £2, ,sn) is carried out as is done by mgp-seq-unify. 

This procedure is used for unification of the quantified terms in the UJRUE- 
resoluUon ^strong form) method of inference. 

32.11 Ocmputing Disagreements 

The file disegres contains a number of procedures for computing 
disagreement set of a given pair of terms, for a given pair of sequences of terms, 
and for a given set of formulae. Also, there is a procedure in the file namely 
generate-n-choose-literal-dis which, for \a^ of formula computes and 
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returns disagreement set of a particular level desired by the user. 

3.Z.il.l The procedure seq-dis 

For two given sequences of terms for unificatiorij the procedure matches the 
corresponding terms say s,- and t,., starting with the first terms of the two 
sequences. If the corresponding terms match, the procedure is applied to the 
remaining terms in the two sequences, However, if the two terms s,- and t/ fail to 
match then a cons i s; . t;) is formed and is put on (i.e., consed) to the 

disagreement set of the already computed terms. 

3JZ.11.2 The procedure litBral-dis 

For a given set of formulae, in which each pair of formulae is (WRdE-) 
unifiable, the procedure litersl-dis returns the disagreement set of the formulae 
in the set. If the set has at most one formula then the disagreement set returned 
is nil. In case there are two formulae in the set, then the sequences of quantified 
terms for these formulae are computed through the procedure subu/ff-Qt-terms and 
then through a call to the procedure seq-dis 'with the two sequences of terms as 
arguments, the required disagreement is obtained. Further, if the given set of 
formulae contains more than two formulae, then disagreement sets of pairs formed 
by each of the rest of the formulae with the first formula are computed and the 
union of all these disagreement sets is returned as the required disagreement set. 

32.11.3 The Procedure generate-n-choose-Uteral-dis 

The procedure first computes and prints the origin-disagreement set of the 
given formulae through the prooedure iiter^ Then it may compute lower level 
disagreement sets of the formulae, if ,SQ,. desire^ by user. After computation of 
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disagreement set at each, level, the procedure asks the user whether the current 
disagreement set is the required/ desired one. If the user feels that the current 
disagreement set is the desired one, then this disagreement set is returned, else 
disagreement set at next level is computed until lowest level disagreement set is 
computed. At this stage, the user is given another chance to choose any one of the 
earlier computed disagreement sets as the one to be returned. 


3.2.12 Procedures for Merging 

Next, we consider the file named nsnd-lit-inerse which contains procedures 
required for merging SU-equivalent subwffs occuring either in one given formulae 
all having same polarity in the parent formula or for merging two SU-equivalent 
subwffs occuring with opposite polarities in two different formulae (WRUE-) 
resolvable on the two subwffs. 

3.2.12.1 Procedure nand-SES istructurally-BQuivalent-suwffs) 

The procedure with its header as 

(defun nand-SES (n^ff struc st-pol), 

for given a formula M'f f, propositional structure struc and polarity st-poI 
returns the set of all subwffs which 

(1) have same propositional structure as sf-rue, 

(2) have polarity st-pol in wff, 

(3) occur in one conjunct of wff, assuming occurrences of and being replaced 
by A and v maintaining structural equivalence of wff, and ~ being driven deepest 
possible. 

Conditions (2) and ( 3 ) are necessary in view of the following observations. 
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Firwti in order to show thuat if condition (2) is violated, then wrue-resplution 
method is incomplete, we consider the example with the following set of formulae: 


P(a) V ~P(b), 

Fi P(c), 

Fg; ~P(d), . 

F4: b = c, 

Fj: a = d, 

where a,b,c,d are constants. 

It is easily checked that above set is inconsistent. However, if we merge on 
subwffs which have same predicate-names but may be of opposite polarities then in 
stead of Fy we would consider, in any resolution step, its factor 

Pi: (a = b) P(a), 

However, it can be easily checked that we can not deduce F.^LSE from the set 
CPi. F2, F3, F4, F5} of formulae, because the negative equality (a = b) in F’l can 
not be resolved with any formula in the set or with any resolvent obtained from 
these formulae. 

Next, to show that the condition ( 3 ) above is necessary, we consider the following 
inconsistent set of formulae 

Fg: Qic) A Q<d), 

F7: ~Q(f), 

Pe'. d = f, 

where c, d and f are constants. 

However, if we factor subwffs from different conjunots, then in stead of Fg, its 


factor 
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F-'s' (c = d) -♦ Q(c) 

would be coneidered in any resolution step. But, again it is easily checked that we 
can not deduce F^LSE from the set ( F„ F^ } of formulae, as the negative 
equality (c = d) in F'g can not be resolved with any of the formula in the set 
or with any resolvent obtained from these formulae. 

For imposing both the conditions (2) and (3) on subwffs, there is some 
basic reason , that we attempt to explain below, For each formula , consider its 
skolemized-conounctive-normal-f orm (SCNF). Then each conduct is a clause' and 
hence by (Robinson s) resolution approach, each conjunct can be considered 
independent of the other conjuncts in SNCF. Thus factoring on subwffs in a 
formula may be restricted to a conjunct only without affecting the completeness 
of the UIFF-resolution method, However, factoring within a conjunct is necessary 
as it is in the case of Robinson's method, because Robinson's resolution method is 
a special case of WFF-resolution method, applied to formulae in which every 
variable is a universal variable and there is only one conjunct in the formula. 


Next, the purpose of computing and then substituting a partial-unifier and 
then the disagreement set of a set of SU-equivalent subwffs (either for merging 
within a formula or for resolving two formulae) is to make the subwffs in the set 
(syntactically) identical through appropriate substitutions provided by the partial 
unifier and corresponding disagreement set. The partial-unifier-cum-disagreement 
substitution should be just sufficient to achieve the syntactic identity of 
subwffs in the set, because otherwise we may be introducing some unnecessary 
inequalities in the resolvents, and these inequalities may not be resolved later by 
any resolution steps. By removing either condition (2) or condition (3), we would be 
violating this requirement of just sufficient to make subwffs identical. 
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3^.12^ Prxx^edure nand-USL (nand-literals-in-subivff-list) 

Before describing the procedure named above, we briefly stale how two or 
rr,ore SU-equivalent subwffs (obtained through the procedure nsnd-SES), can be 
unified (pcirtitilly or fully). The unification of the formulae can be carried out on 
the basis of unification of corresponding literals. For any set of SU-equivalent 
formulae, we would collect in a set all the literals having same predicate-name and 
the same polarity in the parent subwff from all the subwffs under consideration. 
This process is repeated for each possible pair of (literal-name, polarity) for the 
literals occuring in the subwffs of the set under consideration. Thus, we get a set 
of these sets. Unification (partial or complete) is carried out for each element of 
this set. 

Example: 

The procedure nand-LlSL returns for a given list of subwffs, an association 
list of the form 

( 

( (+ P) ( (P Xi yi) (P X2 ya) 

( (- Q) ( (Q Xi yi) (Q Xz yg) ) 


), 

where (+ P) (or (- Q) ) indicates that the value of (+ P) in the association list 
is the the set of all those literals occuring in the given list of subwffs, which 
have positive (or negative) polarity in the respective subwffs and which have 
their predicate-name P (or Q). 
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3.3.12.3 Procedure SLSU (singlB-Uterals-set-unifier) 

The procedure with its header as 

(defun SLSU (wff literals-set UH unification-list), 
for given a formula named wff, a set viz literals-set which is a set of literals 

having same predicate names and occuring with same polarity in their respective 

parent subwffs, a unification method UM and a unifier unification-list, returns 
modified form of unification-list which incorporates in unification-list, the 
possible unification pairs of the form (x t), where x is a universal variable 
and t is a quantified term of a term occuring in the literals of the literals-set. 

3.2.12.4 SLSM (single-literals-set-merge) 

The procedure with its header as 

(defun SLSH (wff literals-set UM unification-list disagreement-set), 
for given a formula named wff, a set viz literals-set which is a set of literals 
having same predicate names and occuring with same polarity in their respective 

parent formula, a unification method UM and a unifier unification-list, and 

disagreement set disagreement-set, returns modified form of unification-list as in 
SLSU and also modified form of disagreement-set, where disagreement-set is 
modified adding (consing) pairs of quantified terms of the unmatched pairs of the 
corresponding terms in the modified form of the literals obtained after making, in 
the literals of the literals-set, substitution provided by (partial) the unifier 
unification-list. 

3.2.12.5 Procedure LSM Uiterals-setB-merge) 

The procedure LSM, for given a formula wff and set-of-literals-sets a 
set of sets of literals, with each set of literals containing literals with same 
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predicate-nanrie and having same Dolarifu ir. j i 

a isame polarity in wff, returns a unification-list and a 

disagreement set as in the casp nf qi qm tu' 

we case of SLSM. This procedure mainly calls SLSM 

iteratively until the unification-list and disagreement set are modified for all the 

sets of set of literals. 

32.12.6 PrcKoedure nmrge-subufffs-aux 

For given a formula wff, propositional structure struc, polarity st-po2, and 
a unification method UM, returns the following three objects: 

1. unification-list, 

2. disagreement-set, 

3. the list of all those subwffs which have propositional structure structurally- 
equi valent to struc and have polarity st-pol in wff. 

The sequence of steps followed by the method is as given below: 

(i) this procedure first calls the procedure viz nand-SES, to compute the 
set of all subwffs of wff, the propositional structure of which is equivalent to 
struc and which have polarity st-pol in wff, 

(ii) next, it calls the procedure mnd-LISL with one of its arguments as 
the set of subwffs obtained at step <i), to compute the set of the sets of all 
literals which have same predicate-name and same polarity in the parent subwffs, 

(iii) finally, by calling the procedure LSM with the set of sets of literals 
obtained at step (ii) as one of its arguments, it computes the above-mentioned 
unification-list and disagreement set. 
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The terms onificstion-list and disagrBement-SBt denote similiar objects as in 
LSH The set of subwffs is returned so that at the time of resolution, each member 
of the set may be replaced by F/ILSE; and TRUEs appropriately. 


3^. 12 .7 Procedure ncnrf-merge-BQs-aux 

For a given formula ivff and a unification method UM, the procedure first 
computes the set of all equalities having negative polarity in tvff, and then 
returns, for this set of all equalities occuring in wff, the following: 

(i) unification-list 

(2) disagreement set 

(3) the set of all negative equalities occuring in wff. 

The sequence of steps followed by this procedure is similiar to the sequence of 
steps followed by the procedure merge-submffs-aux. 

Again, the terms unification-list and disagreement-set denote same objects as they 
do in the procedures in the previous subsection. The set of negative equalities is 
computed through another procedure viz set-neg-eqls-of defined in this file. 


321.13 The Substitution Processes 

The procedures LSM and merge-subwffs-aux etc. discussed in the last 
subsection return for a given set of SU-unif iable subwf f s of a f Drmula.^f ormulae, a 
unification list and a disagreement set. If for each member mu of a unification 
list, each occurence of ( Car mu ) is replaced by ( Cadr mu ) and for each member 
md of a disagreement set, each occurence of ( Car md ) is replaced by ( Cadr md ) 
in the subwffs of the set, then all the subwf fs under consideration become 
(syntactically) identical. After that ^ the process of factoring a wff or resolving 


I 
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two resolvable wffs may be carried out further through procedures detailed in 
later subsections of this section. Thus, we require procedures to implement these 
operations, of replacing variables in formulae, to be called substitutions. 

The prucedures for implementing substitutions are spread over three files, 
each file containing procedures to implement one type of substitution. The substi- 
tutions have been divided into three types on the basis of following criteria*. 

(I) Substitutions due to a unification list returned by LSM or some other 
procedure, when the set of subwffs supplied to it contains subwffs which are all 
constituents of one wff ( for merging ). Procedures of this type of substitution 
are contained in the file substi. 


(II) Substitutions due to a unification list returned by LSN or any other 
procedure, when the set of subwffs supplied to the procedure, contains two 
U-unifiable subwffs occuring with opposite polarities in two (UIRUE-) resolvable 
formulae. Procedures for this type of substitutions are contained in file n-substi. 

(Ill) Substitutions due to a disagreement set, for which procedures are 
contained in file dis-sub. 

The three types of substitutions differ from each other only in the matter 
of replacing the occurences of the quantified variables, i.e., in the matter of the 
expressions of the form ( 0 ^ ) where 0 $exist, $univ } and ^ is variable. 

In the foilwing discussion, 5 = ( $exist, $univ 3 ~ £6), for e €{ $exi5t, $univ 3 

Let the list ( x t ) be a member of a unification list < or the cons ( x . i ) be 
a member of disagreement set ), where x is a universal variable and t is a term 
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Which iH either a universal variable or' an existential term but not a functional 
term. Then a substitution of type I replaces occurences of ( 6 x ) by ( 0 ^ ) or 
( e it ) depending upon whether I is a universal variable or existential term where 
it depends on t. But in case of substitutions of type II and type III, i Q x ) is 
dropped and ( 0 it ) or ( 0 ) would be placed on a list of quantifiers to be 
returned. Further, substitutions of type III differ from those of type II in that in 
the case of substitutions of type III, I e x ) is also placed on the list of 
quantifiers to be returned whereas ( 6 x ) is not placed on the list of quantifiers 
for substitutions of type II. 

The task of substitution of a term t for a variable x in a formula may be 
divided into two parts, viz,, i 

(a) replacing x when x occurs as a term of an atom of the formula, 

(b) replacing x in the quantified variable ( 6 x ) by some quantified 

variable/variables to be determined by t. 

In case (a), all three types of substitutions behave identically. In case (b>, 
we have already discussed how they differ from each other. 

Next we discuss in detail case (a) where we consider how an occurence x as 
a term of an atom is affected by the substitution ( x t ) ( or ( x . t ) for 
disagreement sets ), If t is a universal variable then each occurence of x is 
replaced by t. If t is an existential term of the form ( y (zu) ) then x is replaced 
by the name y of the existential term ( y (zu) ), If t is a functional term of the 
form ( ($fun f) ti ... tn ), then x is replaoed by ( f) Sj. ... s,^- ) where each s^ is 

obtained from t; by replacing each existenUal term in t^ by the name of the 


existential term. 
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To explain the ideas involved we consider some examples: 

X y. is a pair on unification list; then under the substitution 
corresponding to this pair the literal PCx s) becomes P(y s), 

(ii) If, in stead of the pair (>r y) as in example <i), we have the pair (x 

z(y)) on unification list, then P(x s) becomes P(z s) after substitution, further 

(iii) if, in stead of the pair (x y) as in example (i), we have the pair (x ^(y 

z(u i/) g(. iA'i) t) ) ) on unification list, then P(x s) becomes P( f(y z g<.ni t)) s) 

after substitution. 

Next/ we consider in detail case (b) where we examine how a variable x in a 

quantified variable ( $ x )/ 0 € { $exist/ $univ 3 is affected by a substitution of 

the form ( x t ). 

First we consider case (b) for substitutions of type I, 

If t is a universal variable; then ( 0 x ) is replaced by ( 0 t ), For example/ for the 
substitution (x y); the formula (V x) PCx s) becomes (V y) F(y s). 

If t is an existential term of the form ( y Czu) ) then < 0 x ) is replaced’ by ( 0 y 
feu) ). For example; for the substitution (x yCz u ) )/ the formula --^(3 x) PCx s) 
becomes MV y( 2 r u) 3 PCy s). 

If t is a functional term of the form say fiy z(u g( t) ) ) / then <9 x) is 
dropped and and each of ( $univ y ); C $exi5t z ( u v ) ); C Sexist w ) and ( $univ t ) 

I 

is put on a list of quantifiers, and for the formula (V x)Pix s), the formula P( f<y 
z g(w t)) s) is returned after substitution. The quantified variables in this list of 
quantifiers are prefixed to whatever expression is obtained after making 
substitutions for all elements of the unifioation list. 
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N..I consider case (b) for substiluUon, of 1*0 II ond tape III. 

Horo aach oocuranca ( 6 x , ia dropped fror. the formula. Also only in the oase of 
sdbstitLilions of type ,11, irrasoaotiva of the value of 6, the ouanlifier ( $unlu x ) 
is out or, the list of aoantified variables to be returned. Further, if t is a 
universal variable than ( $univ t ) is olaoed on the list of quantified variables. If 
t is an existential term of the form ( y < 2 u) ) then ( $exist y ( z u ) ) is placed on 
the list of Quantifiers to be returned. Further, if t is a functional term of the 
form, say ( ( $fun f ) y ( 2 ( u v ) ) ( ( $f un 3 ) ( w ) t ) ), then each of ( $uniu y ), < 
$exiEt 2 ( u V ) ), < $exist w ) and ( $univ t ) is placed on the list of quantifiers to 
be returned. After all the substitutions corresponding to pairs in the given 
unification list are made, the quantifiers from the list of quantifiers is prefixed 
to the formula returned earlier. 

The procedures named assoc-list-subst is the main procedure implementing 
substitutions of type I. Also procedures narried n-assoc-lisi-subsi and 
di 5 _Iist_£Ubst are the main procedures implementing respectively substitutions of 
type II and type III. 

32.14 Procedures for WhffRF (Non-Clausal-^gative-Reflect've-FiJnctiDn) 

The procedures for computing WNRF of a given formula are contained in the 
file nc-nrf. The procedure generate-all-ncnrf-fsctors, which is the main procedure 
in the file is discussed next. 

3.2.14.1 The Prcx^durc generate-aU-rwiH'-factors 
The procedure with header 

(dafun generate-all~ncnrf-factors (narpe-^ff, UM) 

. fhd name sf a formula and a, ynification method UM. 

returns, for given mme-wff, the name .-°t . . 



CHAPTEH S 


THE tHPLEHEmATtOH OETAtlS 


»S 


the set of all wnrfs of the corresponding formula. The different wnrfs are 
generated because, if the formula contains k equalities then there are 
different syntactic variants of these equalities. These variants obtained by 
interchanging the places of the two terms in an equality are computed by the 
procedure generate-sll-eqs 

The main procedure first collects into a set all the equalities occuring 
negatively in the formula with name name-u/ff by calling the procedure set-neg- 
epls-of and then by calling the procedure generste-all-eQs generates all syntactic 
variants of the equalities in the set. Next, for each syntactic-variant of the 
equalities it calls iteratively the procedure ncnrf-factor-auv: to compute the 
corresponding wnrf and puts this wnrf on the set set-of-ncnrf -factors . 

3.2.14.2 The Prcxiedures ncnrf -factor and ncnrf-factor-aux 

For a given formula wff and a unification method UM, the procedure ncnrf - 
factor first computes the set of all the equalities occuring negatively in wff 
through a call to the procedure set-neg-eijls-of and then gives an option to the 
user to choose, if desired, any non-empty subset of the above set of equalities, so 
that wnrf-faotors would be computed corresponding to the equalities in the new 
set. Next, the procedure calls its auxiliary procedure named ncnrf -factor-atjx . The 
later procedure modifies the the formula wff through the following three steps: 

i. replaces in the formula wff all negative equalities occuring in wff by TRUE. 

2. the modified formula obtained at step i. is simplified to a truthrfunctionally 
equivalent formula (in FOPC) which is free from TRUEs and FALSEs 

3. for all the negative eqdalities docurihg in the originally given formula wff 
a most-general-unifier /mgpu-oum-disagreement-set that makes all the negative 

equalities identical, is computed through another prooedure viz ncnrf-merge-eqs- 
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substitution provided by -^“st-general-unifier/mgpu-cum-disagreement- 

Ihe finally modified form of „ff, which la r.,„nn=w w„ .o_ _ . 


Also, the procedure returns the dis 


iich IS returned by the procedure, 
agreement set obtained at step 3. 


In addition to the above procedurac^ fho r 

Br-ooeourei, the file nc-nnf contains many useful auxiliary 

orocedures Some of these orooedures are desonibed briefly below. 


32.14.3 Miscellaneous Procedures 


For given a formula a list of subNffs subi^ffs-list and polarity st-pol, 
the procedure Ust-tr-FalBe-subst replaces in ivff every occurrence of each member 
of subn>ff-hBt by TRUE if st-pol is negative; else replaces every occurrence 
of the members of subivffs-list by FALSE. 

Another procedure replace-equalities replaces in u>Ff each equality of the 
form ( = X X .1 by TRUE. 


Further, procedures add-qtfiers and drop-qtfiers respectively add required 
quantifiers to and drop redundant quantifiers from the partially computed wnrf or 
partially computed resolvent of two given formulae. 


32.15 Procedures for Resolvents 

In this section, we consider the proced.ures for computing resolvents of two 
'en formulae. These procedures are contained in the file all-resols. In the next 
DSBction we consider the mein„ procedure in the file, 
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3,2.15.1 The Proceciure aU-resoh/ants 


For given the names of two formulae (WRUE-) resolvable on a subwff which 
has oropositlonal structure say strvc, and has polarity st-po2 with which the 
SLibwffs which have propositional structure struc, occur in the first of the two 
given forrriulae, and a unification miethod UM, the procedure all~rssoli^ants returns 
the set of all resolvents of the two formulae. More than one resolvents of the two 
foriTiulae may be generated because of the same reasons as were given for the 
generation of more than one wnrfs in 13,2.14.1 or in §2,9, 

The procedure first computes, by making calls to procedures nand-SES and 
nand-LISL, a set of literals say SLx occuring in the subwffs that have 
propositional structure equivalent to struc and have polarity st-pol in the first of 
the two given formulae. Similiarly, it computes another set say SLj of literals 
occuring in the subwffs that have propositional structure struc and polarity 
other than st-pol in the second of the two given formulae. If equality literal does 
not occur in the subwffs , then procedure make-resolwant is called to return the 
list of the only possible resolvent. However, if the subwffs contain equality 
literals, then the procedure all-resoli/ants-aux is called. 

The procedure all-resoliyants-aux, by making a call to the procedure 
generate-all-lits-sets, computes first the set SSL i, the elements of which are sets 
of literals, each obtained from by replacing in it some of the equality literals 
by their symmetry- variants. Similiarly, a set SSLs is computed from SLj. Next, the 
procedure through calls to procedure iterate-on-firsi and indirect call to 
procedures iterats-on-sscond and inakk-resolwan't , generates all the resolvents of 
two given formulae and puts -them ' dh sek^of-uffs. " Actually make-resoluant 
is directly called by iterate-pn-seeond ■' once "for each member of 
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SSL 2 And iteratte-on*-second is calloH Ku />• 

caued by iterate-on-first once for each member of 

SSLi- 

3^.15 .2 The Procedure make-resoli^ant 
The procedure with header 

{defun make-resoluant (name-n/ffi name-wffZ lits-Eet-L lits-sei-Z st-pol UM), 
returns a resolvent of two formulae with names name-uffL and name-wffZ, for given 
a set of literals viz lits-set-i from SSL^ and a set of literals viz lits-set-Z from 
St:'L 2 , with dll literals in lits-set-1 and lits-set-Z having same predicate names. The 
parameter d struc , st-pol and UM are used in the same sense as in the last 
subsection. 


The procedure by making calls to the procedure LSM computes a (partial) 
unifier and a disagrement set that make all the literals in Iits-set-1 identical to 
each other, and a unifier and disagreement set that make all the literals in lits- 
set-Z identical to each other. Next, through a call to the procedure list-tr-false- 
subst, it replaces all occurrences of subwffs which have propositional structure 
equivalent (in PC) to struc and occur with polarity st-pol in the formula with name 
name-uffi, by TRUEs and FALSEs . suitably. Then from the formula so obtained , all 
the occurrences of TRUE and FALSE are removed through procedure simplify to get 
a truth-functionally equivalent formula say nwffi in FOPC. Similiar sequence of 
steps is followed to get a new formula nwffZ from the formula with name name- 
wffZ, with the difference that in this case the subwffs to be replaced by TRUEs 
and FALSEs have polarity other than st-pol in the formula with name name-u/ffZ. 
Each of nwffi and nwffZ is modified through substiutions provided by the relevant 
unifier and disagreement set, Alsorthf first subwff from lits-set-1 and from lits- 
set-2 each is modified through these). substitutions to yield new formulae say new- 
sub-i and new-sub-Z . To make ' these two formulae identical a (partial) unifier 
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and a disagreement set are computed, which are used to modify the disjunction 

nwffl A n^-ffZ to give a formula which after suitably adding /dropping quantifiers 
yields the required resolvent. 


32.16 The File select-n-resoli/e 

The file contains two main procedures viz select-proper-psir-snd-resolwe 
and select-proper-u^ff-for-nrf-n-computB, which respectively select a pair of 
formulae for resolution and single formula for wnrf. In the next subsection, we 
discuss the procedure select-proper-pair-and-resoliye. 

32.16.1 The procedure select-proper-pair-and-resoli^e 

In order to check against attempting at resolving the same pair of formulae 
again, we keep an association list named earlier-pairs-sssoc in which each formula 
say has its value as the the set of all those formulae which have already been 
tried for resolution with wff. In this context, we have also defined a procedure 
named not-earlier-i/isited which returns a new pair of formulae, if available, for 
attempting next resolution on. The procedure select-proper-pair-ancf-resolwe 
selects, if available, a new pair by calling the procedure not-earlier-i-'isited and 
computes the required resolvent. In order to compute the resolvent the rriain 
procedure calls the procedure .^SWFR in order to find the appropriate 
propositional structure for subwffs of the selected pair of formulae on which 
resolution may be taken. 

32162 The Procedure Seleci-propBr-wff-for-nrf-rh<Mmpute 

Again, in order to check against attempting the computing of the wnrf of 
the formula more than once,'' We^’k^ep 'a' i'Jst named earlier-tested-for-nrf of all 
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Iho.. forrr,ul« „h.ch h.ve b..„ 


The procedure 


selBi-t-Pi oP‘er -wff -for-nrf 'Compute selects through 
wiBited-for~nrf, a formula hitherto untried for 


3 procedure kiz rot— earlier- 
computing wnrf of, and then 


computes its wnrf. 


3217 The File Integrate 

This is the last but one file to be discussed and the last one to be loaded 
in the LISP environment. It contains, for guiding the user, some messages which are 
prompted on the window when the file is loaded on the system. Also, there is a 
procedure named U'ff-cesolution defined in this file. We discuss below the 
procedure. 

3JZ.i7.1 The Procedure wff -resolution 

The procedure wfl-resolution is the only procedure which need to be called 
directly by the user, in order to prove a theorem. .The procedure is called without 
any arguments. 

First of all, the procedure initializes to nil each of the following four- 
lists, to be used in the global sense, namely 

1. set-of“(vff£ containing at any stage of execution, all the formulae that 
represent axioms and a negation of the theorem to be proved, and also the 
resolvents and wnrfs that have been generated upto that stage. 

2. set-of-positiue-eaualities containing all m appearing in 

set-of-ivffs, : r, i 

3. earlier-pairs-assoc (deschibed in the last subsection) the association list 
containing at any stage informatiofi "feibcdt liai'rs of formulae already tried for 
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resolution, 

4 earher-tesied-for-nrf the list of all the formulae already tried for wnrf. 

Ne.‘.t, the procedure prompts the user, through the procedure read-^vff-list, 
to reed in the formulae representing all the axioms and a negation of the theorem 
to be proved. Further, through a loop, it prompts the user iteratively to choose at 
any stage, one of the following three steps-. 

1. a resolution step for resolving two formulae, 

2. a step for computing wnrf of a formula, and 

3. quit-resolution step which allows the user to Quit without proving the theorem. 

The only point to terminate the whole process of resolution, is provided in 
this procedure. The process of proving the theorem terminates when either 

1, the theorem is proved as a result of derivation of either a resolvent or 
an wnrf which equals FALSE, or 

2. the user wants to quit unsuccessfully through the quit-resolution option 
meticned above. 


Finally, irrespective of the two modes of possible termination of the 
process, the procedure prints all the formulae representing the axioms alongwith 
the given negation of the theorem to be proved, all the resolvents and the wnrfs 

3J2.i8 The file uff-theorem-prot/er 


This is the only file which is required to be loaded directly by the user in 
the lisp environment. The file contains one LISP statement per file for loading 
each of the other files constituting the theorem-prover, Also, it contains 
statements that prompt some use]^ul inf ormation on one of the windows 
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Hurnan {4/lsdow remains aln^ays one and the same 
although applied to the most diwerse objeots and it is 
no more changed by their diversity than sunshine 
is changed by the u'ariety of objects 
which it illuminates 

Descarte: Rule h DeuverSf vol. X, p. 360. 


4.1 Conclusions 

Robinsorrs resolution method [Rob 601, proved an important step in the area 
of automated reasoning. However, its language of clauses was a hinder ance in its 
being human-oriented or user-friendly. Later, NC-resolution [Mur 321 improved the 
situation in this regard to some extent, by requiring only quantifier-free forms 
keeping the logical connectives in the formulae in place. Finally, NFF-resolution 
method of Bhatta [Bha 881 uses the formulae without modification. 

The theorem-proving system in this thesis implements the WFF-resolution and 
its variants suggested in [Bha 88], without including sorts. 

Though, basically an implementation it includes some new results, which are 
either improvements of those in [Bha 88] or correct some inaccuracies. In this 
regard we mention the algorithms about how factoring/merging of a formula is 
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desirable so that either we reach FALSE -FaEter 
cases where the earlier method could not have 
of formulae was unsatisfiable. 


or we could derive FALSE in some 
derived a FALSE even when the set 


Also, we have improved the definition of dependencies of an existential 
variable, which not only improves the efficiency of computing dependencies but 
also leads to smaller dependency sets. This is desirable in the sense that in 
resolutions, we would be required to eliminate fewer variables. 

Since the proven is to be used interactively we have to automatically 
compute the sets of subwffs of the two formulae, on which resolution is to be 
performed and factoring is to be done. Here an algorithm to recognize some sort 
of equivalence of subwffs in FDPC is required, In this regard the Wang's algorithm 
CWan 603 for proving equivalence of two formulae of propositional calculus proved 
useful. 


Next, we state some general features of the theorem-prover; 

1. The system does extensive error checking. In particular user input is 
thoroughly checked for validity. 

2. The system is designed to be user friendly. Whenever there is an error- 
condition, it suggests an appropriate solution to handle the error condition. 

Whenever a value is to be supplied of a particular type, it prompts an 
example of that type in a window. 

3. Also to help the user, we have designed it in such a. way that all the 
formulae considered in the resolution process are kept visible throughout the 
theorem-proving session, on one of the windows. The window, in addition to the 
formulae also shows their names and also their sequences of polarized atoms. The 
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UEl information is useful in selecting an aoorooriate pair for resolution or for 
factoring 

4. Further, to help the user in recognizing and supplying the formulae 
easily, the system offers two more forms ~ namely external-form and natural- 
la/7s?t4as?e-fc»» w of representation of the formulae, in addition to the interr/aZ-form, 
which is most suited from computational point of view. 

5. For enhancing efficiency, we have included some procedures like lexica 
and simp to transform given formulae to simpler equivalent forms without 
disturbing the intuitive aspects of the supplied forms of the formulae. 

6. It offers three methods viz WFF-resolution (with complete unification), 
NRUE (open form) and WRUE (strong form), to choose one from to solve a problem 
using the theorem-prover. 

Thus, we have implemented a procedure which does not require the formulae 
to be rewritten in terms of the components and which includes the equality 
relation implicitly. 


4.Z Scope for Extensions 

It needs to be mentioned that this theorem-prover or for that matter, any 
theorem-prover is not a problem-solver but just an automated assistant. Our 
theorem-prover resolves/factors formulae/formula without breaking these/this into 
its subcomponents and returns a closed formula, which is more comprehensible than 
a number of clauses representing it. 

However/ the theorem-prever returns oust resolvents and factors. For the 
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prograrr, to be more effective we need some strategies to govern the choice of 
formula/pair of formulae to be factored/resolved and to reject useless resolvents 
and factors generated. For this purpose, possible extensions of the theorem- 
prover may include a strategy similiar to set-of-support strategy for clausal 
resolution, where set of support may include the special hypotheses of the theory 
(e,g the four axioms of group theory) alongwith a negation of the theorem to be 
proved. Also, like those of demodulation and subsumption for 

clausal resolution rriay be included; in order to simplify and canonicalize 
information that in 3 sense semantically redundant; although not syntactically 
redundant can be purged. 

In order to make the system more efficient, it may be extended so that many 
of the subtasks of computing resolvents and factors and/or of computing 
factors/resolvents for more than one formula/pair of formulae; are carried cut 
in parallel. 

Another direction in which the proven can be extended is to design and 
implement automated provers for other logics; e.g. many-sorted logiC; higher-order 
logics and non-monotonic logics. 
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hnts and examples 


Reasoning is &n art and not a science. 

The aphorism applies as ivell to people as 
it does to the computer programs 
designed to automate reasoning. 

L. Ulos 


Since arts are more easily learnt by 
Examples than Precepts, I hawe 
thought fit to adjoin the Solution of the 
folloufing Problems 

Newton: Op .oit.; pp. 177-178. 


In this chapter first we give some hints for efficient use of the theDrem- 
proven and then give examples of some problems solved by using the theorem- 
prover 

\ 

APP.1.1 Hints to User 

It is difficult to state preoisely rules in order to solve a problem in the 
most efficient way using the theorem-prover. However, the following guidelines may 
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be useful 

1. At the time of representing in FOPC the problem to be solved, we should 
prefer simple formulae over more complex ones. For a given pair of formulae, one 
may be simpler than the other if it has lesser number of connectives, and when 
number of connectives are equal in both, then if it has lesser number of 
quantifiers. Among the connectives, if intuition does not demand otherwise, we 
should avoid using the biconditional operator. Use of biconditional operators 
leads to either more complex resolvents or to proliferation of resolvents or both. 
For the purpose of counting the number of connectives, for each biconditional we 
should add three if we add one for any one of the connectives a, v, ~ (because 
(A H B) represents (A -* B) a (B -» A)), Further, the conjunction and disjunction 
operators should be preferred over conditional operator, again if the intuition 
does not demand otherwise. 

Occurrence of a predicate-name more than once in a formula also 
complicates the computing of resolvents and wnrf-factors, and hence, if possible, 
should be avoided. 

2. Generally start resolution process by involving the negation of the 
theorem to be proved. 

3 . In order to resolve a pair of formulae, again we should prefer simpler 
formulae over complex ones. This enhances the possibility of resolving to F.-'ILSE 

. faster. A single-literal formula, if resolvable with another one, would yield a 
resolvent having lesser number of connectives than the formula it is resolved 

with. 

For each formula read-in, the information-window contains alongwith the 
formula, its name and sequenoe of polarized atoms of the formula. We should prefer 
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a pair of formulae over other pairs, if. if h==r . i 

ir it has a larger subsequence of the two 

seauences - one that of the oolaris-pH ^ , 

vne poiarized atoms of the first formula and the second 

which is obtained from the spaupnnc • , . 

me sequence of polarized atoms of the other formula, by 

replacing each occurrence of plus (+) 3 =- a nr-o^iv ^ 

uius a_ a prefix to a predicate-name by minus <-) 


and vice-versa. In the above we consider subsequences which occur continuously in 
the the parent sequences.. 


4 . Resolving a formula with one having more terms with universal 
quantifications in the subwffs to be resolved than another one having more 
existentially quantified terms in the subwffs to be resolved upon, has better 
chances of yielding shorter resolvents. 

.4PP.1.2 Examples with Trace 


APP.i.3 Examples without Trace 



APP. 1-2 


EXAMPLES WITH TRACE 


WHENrVL.R WE HAVE SOME PROBLEM, WE MAY RESTART RESOLUTION 

by keyins~in the following lines 

I wf f “rE«>o] ut ion) 


You may choose to trace SOME procedures LATER. 

At present would you like 

to Iraue ALL of the major procedures? 

if yes ttien give y else give no 
supply a value for WANT “TQ~TRACE -ALL s w.r.t (MEMBER <Y NOn 

INPUT FROM USER > y 

;ff Loading source file "trace -fi le" 

if the system prompts some message^ like... 

ERRORS open of..... FAILIJ) ,thRn y:ve 
(close 9 iven -stream) 

WE START WITH READINO-IN OF 
THE TORMULAE 

(•Jive tlip formulae representing 
all. ittc hypotheses and 

a nt!<aation of the theorem to be proved, 
in onp of the following FORMS in which 
you would like the formulae to be READ 
1 . internal -fonTiC INF) 

2 . external -foym(EXF) 

3 „ n a t ur a 1 " 1 an g uag e ~ f or m ( NLF ) 

give INF for 1., EXF for 2. and NLF for 3. 


INF is most uniform of the three representat ions. Also, i t is 

compact, if macro-character v natation 

FXF gives formulae in almost matheniat ical notation 
NLF uses some natural-language elements, 
supply a value for ^Of^l^“™-WFFb s 
w.r.t (OUR “MEMBER (INF EXF NLF)) 

INF->UT FROM USER 

j, formula in INTERNAL form is 

An example of representation of a forrnu 


(($exist x) (P X y)) 
<-> 

( 

('•’'( (#univ ^)CR 
(R z) 


AND x) BY ?Ex, US I NS MACRO -CHARACTER ? 


VAR TABLE NAMES 
n-lHFRWISF WE WOULD GET 


MUST BE SYMBOLS 
INCORRECT/UNEXPECTED RESULTS 


Would you IiLh to gat the forinulnp ni'orripted 

on the windows in a form UlrTEHtMl' om INTERNAL form 

if so give y else no 

?upf»]y a value for NEW-OUT T’U I ■ .''L)i(M s 
w.r.t (OUR “MEMBER (Y NO) 1 
INPUT FROM USER ---> no 


To end reading originally given yffs^give nil 

supply a value fov WFP s 
w.r.t TO -VAL„ID“WFF 
INPUl FROM USER (P v) 


rh<- I f I fLR V and any of the SYMBOLS 
g< $fun $univ fexist 
v,-> NUT A VALID VARIABLE / FUNCTION NAME 
supply another value t the value CP V) is inapprapr iates 
INPUT F’RDM USER ---> CV s) 


Thp LETTER v and any of the SYMBOLS 
< ■> -> $fun funiv f-csxist 

NOT A VALID PREDICATE NAME 

supply another value , the value (V S) is inappropriate? 
INPUT FROM USER ■■> (P x) 


The number of atomic formulae of the given formula that are not CLOSED^ 
hence INVAL.ID equals the number of times this statement appears 
supply another value , the value (P‘ X) is inappropriate; 

INPUT FROM USER (Coexist x) (P x)) 

1 Fntet' SIMPLIFY (COEXIST X) (P X)) 

1 Exit SIMPLIFY (UfeEXIST X) (P X)) 

1 Einter RENAME -VARS ((fEXIST X) (P X)) 

1 Exit ftENAME-VARS ((SEXIST (X . D) (P (X . i))) 

"!wff-ll names.., (COEXIST tX . D) (P (X . !)))“ 

To end reading originally given wffsegive nil 


supply a value for WPT i 
w.r.t (AND IS-VALID-WFF 
INPUT FROM USER 
1 Enter SIMPLIFY (CQ) 

1 Exit SIMPLIFY ((Q) -> 

1 Enter RENAME -VARS (CQ) 
i F.xit RENAME -VARS ( ('Gi> 


(NOT (OUR -MEMBER 
((Q) -> (R)> 

(R)) 

(R>) 

-> (R)) 

-> (R)) 


(EVAL SET-OF-WFFS)))) 


"Iwff-21 ...names.., (R5)'‘ 

To end reading priginaUy given wffs,give ml 



TNPUT FROM USER (Q) 

1 Enter SIMPLIFY (Q) 

1 E){it SIMPI IFY (Q) 

1 Enter RENAME -VARS (Q) 

1 Exit RENAME "VARS (Q) 

"iwff--3! ... names. . , (Q) " 

To end reading originally given wffs,give nil 
supply a value for WFF ; 

w-r.t (AND IS-VALID-WFF ^N□T (OUR -MEMBER (EVAL SET-OF-WFFS) ) ) ) 
TNPUT FROM USER (0 

) 

supply another value , the value (0) is inappropr iates 
INPUT FROM USE'R (,) 

1 Enter SIMPLIFY NIL 
1 Exit SIMPLIFY NIL 
1 Enter RENAME-VARS NIL 
1 Exit RENAME -VARS NIL 

b'elrct ru' Of' e' dure -number for urufication cov responding to the 
(oethod of resolution as follows; 

i for WFF-resolut ion (without partial unification.) 

7 Pnr WRUE (QPE-N FORM) 

:t for WRUE (STRONG FORM) 

supply a value for wMETHOD-NUMBERw s w.r.t (MEMECR a 2 sn 
INPUl' FROM USER 2 


would you like next to atUmpt resolution 
if yes then give y else give no 
supF^ly Si value for WAN f -1 0 "RESOLVE: s w.r.t 
INPUT FROM UGER -■-■"> Y 

1 Enter SELECT-PROPER -PAlR-AND-RtSOLVE 

for the first wff 


of two wff Sr 

(MEMBER fY NO)) 


w.r.t. 
wher e 

L h:> H K M It 

supp 1 y 
w.r.t 
INPUT 


its possible selection for next -n :,mes) 

in the following (eval set-of-possible-f irst names 


( Iwff ’ 


■3! !wff-2l iwff“ll> 

(EVAL°seT-DF-POSSlBL.E-FIRST -NAMES) . 


FROM USER 


Iwff 


-'7 ! 


for the name of second wff 
w.r.t. its passible 

selection for next _j 3 ^.possibie-second-names) 

where in the following ^7 

is... (Iwff-Gi lwff“21 iwff-il) 

"TJ'' ToDS-SemS cw^‘’K¥-of-possible-sec:ond-names)) 


INPUT FROM USER 


jwff-3 


The names of two wff s which are to 
possible resolution ane 
Iwff ‘"2! 
lwff-3( 


be tried for 



0 NIL MBP-OEQ-UNIFY-AUX 
3 l-Tityr ilENAME-VARS (IQ) fR>) 

3 F-;it RENAME-VARS KQ.’) (Rn 
3 Enter RENAME-VARS (Q) 

3 Fiiit RENAME-VARS (Q) 

3 Enter MAND -SES ((Q) -> (R)^ q mil 
1 4 Enter SMEI (Q) q) miL 
1 4 F5:it SMEI (Q) 

3 r^Jit N AND -SES ((□)) 

3 Enter NAND -SES (Q) Gi T 
I 4 Enter SMEI (Q) Q T 
! 4 Exit SMEI (Q) 

3 Exit NAND~SES 

3 Enter NAND-LISL 

3 Exit NAND-LISL (((+ 0) (#))) 

3 Enter NAND-LISL ( (G!) ) 

3 Exit NAND-LISL (((+ Q) L#))) 

(((+ G!) ((Q,).))) 

3 Enter MAKE-RESOLVANT lwff-21 lwff-31 ((Q) -> (n) ) 
(Q) (((+ Q) (#,)}) (<(+ Q5 (#)).) a NIL 
((□.)) ((Q)I 

MGR-SEQ-UNIFY-AUX 

1 1 4 Enter LSM ((Gl) -> (R),) (((+ Q) (#))) 

MGP-SEQ-UNIFY-AUX 

! 1 S Enter LSM-AUX fR) 1 M i- Hi (#))) 

MSP "SEQ -t;M r r y -avx n l l m i l 

! I ! 6 Enter SI.BM (CCD ^ ND I (M- 0) ((Q),)) 

Mill' sfu unity aux nil nil 

! I 16 Exit SI SM (NIL NIID 

! I 16 Enter I.SM-AUX ((CD (RH NIL 

MRP CiPO UNIl'Y-AUX NIL NIL 
1 ! 16 Exit LSM-AUX (NIL NIL! 

! 1 5 Exit LSM-AUX (NIL NIL) 

1 I 4 Exit LSM (NIL NIL) 

1 I 4 Enter LSM (Q) (((+ Q) <#))) 

MGP-SEQ-UNIFY-AUX 

I I 5 Enter LSM-AUX (Q) (((+Q^ i#>)) 

MRP-SEQ-UNIFY-AUX 
NIL NIL 

I 1 16 Enter SLSM (GD ((+ Q) (CQ))) 

MGP-SEQ-UNIFY-AUX 
NIL MIL 

I I I 6 Exit SLSM (NIL NIL) 

1 I 16 Enter LSM-AUX (Q) NIL 

MGP-SEQ-UNIFY-AUX NIL NIL 
1 I 1 6 Exit LSM-AUX (MIL NIL) 

1 1 S Exit LSM-AUX (NIL NIL) 

1 I 4 Exit LSM (NIL NIL) 

TRUE 

1 ! 4 Entei' SIMPLIFY (TRUE -■> LFt)> 

I 1 4 Exit SIMPLIFY (R) 

FAL^SE 
» i 4 

1 1 4 

! i 4 

! I 4 

I ! 4 

! 5 4 


nier SIMPLIFY FALSE 
Xlt SIMPLIFY FALSE 
liter ASSQC-LIST-aUBST NIL (R> 
Kit ASSOC -L 1ST -SUJBST (R) 
nter DROP-QTFIERS (R) 

,Kit DROP-QTFIER'S (R) 



I 


! 4 Enter DROP~QTFIERS FALSE 
1 4 F!!it DROP--QTFIERS FALSE 
I 4 Enter ASSOC-LIST-SUBST NIL (Q) 

I 4 E>!it ASSOC-LIST-SUBST (0) 

! 4 Enter ASSOC~LIST~SUBST NIL (Q) 

! 4 Exit ASSOC-LIST-SUBST (Q.) 

I 4 Enter LSM--AUX (((Q.) ~> (R)) a. (Q)) ( ( (+ Q.) (#n) 
MGP-SEQ-UNIFY-AUX NIL NIL 
! 5 Enter SLSM (((Q) -) (RJ ) a (Q,n ((+ Q) 

mgP“Se:Q"Unify-"AUX nil nil 

! 5 Exit SLSM (NIL NIL) 

! 5 Enter LSM~AUX (((Q) -) (R) > a (.GD) NIL 

M6P-SEQ-UNIFY-AUX NIL NIL 
! 5 Exit LSM-AUX (NIL NIL) 

! 4 Exit LSM~AUX (NIL NIL) 
i 4 Enter SIMPLIFY ((R) V FALSE) 

1 4 Exit SIMPLIFY (R> 

! 4 Enter N -ASSOC-LIST-SUBST NIL (R) 

J 4 Exit N -ASSOC-LIST-SUBST (R) 

! 4 Enter DRQP-OTriLRS (R) 

I 4 Exit DROP-MiriLRS (R' 

I 4 Enter APPEND -U IT Cl": RS NfL (R) 

! 4 Exit APPEND-UIFIERS (R) 


4 Enter SIMPLIFY (R) 

4 Exit SIMPl IFY (R) 

4 Enter PUT-Hi-.Sill,.V'- N'i 


-ON -OF I -OF -NAMED 


Iwff 


1 wYf 


NFf'S 


(R) 



THE NEXT RESOLVENT IS GIVEN BY: 

"!res“51 names. . « (R)" 

II with names of parent -wffs 

“ r4'ExIt^PUT-fTE4oLVEN^-DN-BET-^ 

3 Fxit MAKE-RESOLVANT (R) 

1 '•' Fxit ALL-RESOLVANTS (R) 

I Exit SELECT -PROPER “PAIR -AND "RESOLVE (R) 


would you like next to atterr.pt ’'f 

if yes then give y else give no ^ 

S.ppl, a valua for WANT-TO-RESOLVE i w.r.t (MEMBER (Y NO)) 

INPUT FROM USER 


would you like next to attempt ncnrf of a wff, 
would you lu.e ^ NO)) 

. A IIAMT-WPWRF s w.r.i (MEMBER (Y NUIJ 

supply a value for WANT-NCNW . w.r . 

INPUT FROM USER 


would you uxa to Ruit r«aluU™ Y** 

then give y orSni uttON s 

a value for WANT -TO -QUIT -RESOLUTION s 

supply a vaiue^tor 
INPUT FROM USER Y 



The- se-t of given wffs alangwith the seq of resolvents is s '■ 


1. « 

! wf f “1 1 

. - . standing for ... 

((SEXIST (X . 

^ u 

! wf f "21 

. . . standing for . , , 

((Q) (R)) 

3 . 

1 wff -31 

. . . standing for . . . 

(Q) 


1 res -5 1 

. . . standing for . . . 

(R) 


would you li^e nex't to attempt proving ANOTHER THEOREM, 
if yes then give y else ^ive no 
supply a value for WANT -TO-PROVE -ANOTHER -THEOREM ; 
w.r.t fMEMlBER <Y NO)) 

INPUT FROM USER ---> no 
NIL 

< wf f -resolut ion ) 


WHENEVER WE HAVE SOME PROBLEM, WE MAY RESTART RESOLUTION 
BY KEYING ~1N THE F0LL0WIN8 LINE; 

(wf f ™r esol ut ion ) 


You rn.iy chouse to tv ace SOME procedures LATER. 

Ah prt'>,^■nL would you like to trace ALL of the 
major pr o( uduv qs" 
if yes then give y el‘='fe' give no 
supply a value for WAN I - rO-l'HAOE-ALL ; w.r.t (MEMBER (Y NO) l 
INPUT PROM USER >, no 

Would you like to trace some procedures? 
if so give y else give no, 

supply a value for WANT— SOMIE—1 HALING s w.r.t (MEMBER (Y NO) 
INPUT FROM USER no 

If the system prompts some message like... 

ERRORS open of...... FAILED , then give 

(close given -stream) 

WE START WITH READ I NO- IN OF 
THE FORMULAE 

Give the formulae representing 
all the hypotheses and 
a negation of the theorem to be proved, 
in one of the Following FORMIS in which 
you would like thejormulae to be READ 
I . internal -form ( INF ) 

2. e>!ternal-form(EXF) 

a.natural-language-formlNLF) 

give INF for i'.r EXF for 2. and NLF for 3. 


INF is most unifol'm of the three representetione-Also, it is 

E?r^?v«‘LSee'^5ru»oUU?hZtioeI hoteilon 
NLF usee some neturel-lansuwe elements. 



fNPUT FROM USER 


inf 


An example of repr esentat ion of a formula in INTERNAL form iss 
( 

U-fPKist >:) (p X y)) 

»H ** , 

( 

( 

(''■'(($univ 2 W.q >;))) 
fR Z) 

) 

V 

( ( S z ;;) S. <T zi ) 

) 

> 

IN THE ABOVE WE MAY REPLACE ($univ z) BY '^■'Uz 
AND ($Hxist X.) BY ?Ex, USING MACRO -CHARACTER 


VARIABLE NAMES MUST BE SYMBOLS 
OTHERWISE WE WOULD GET INCORRECT/UNEXPECTED RESULTS 


Would you lika io gat the formulap prompted 
on the windows in a form DIFFERENT from INTERNAL form 
if so give y else no 
supply a value for NEW -OUTPUT -FORM i 
w.r.t (OUR -MEMBER (Y NO)) 

INPUT FROM USER ---'J no 


In (Ml!.! r (•.Mid (jrigina'lly given 

<•^up^<ly a value? foi' WI'F s w.r.t 
INPUT r"P.f)M USl fl -- i (FM - 

"lwFr-'6l » „ „ narriPB- . . f(P) 


wffs,give nil 

IS-VALID-WFF 
(GO ) 

( D ) ) " 


To end r evading originally given wtfSrgive nil 

supply a value for WFF : w.r.t 

(AND IS-VAL,1D "WFF (NO! ( OUR -MEMBER (EVAL SET-DF ~WFFS,> I) > 
INPUl FROM USER (P,l 

"!wff-7i . . . nanies, . . (P)" 


To end re-iading originally given wffs,give nil 


supply a value for WFF : 

w.r.t (AND IS-VAI. ID -WFT (.NDl (OUR-MEMBER (EVAL SET-OF-WFFS) ) ) ) 
INPUT FROM USl-R ■ - ' '"(.0.1.1 


" ! wf f -O i ... names. . « ( (Q.i ) 

To end reading originally given wffs,give nil 



INPUI hKUn USER 


<) 

Sel.erl procedure-number for unification corresponding to the 
method of resolution as followsj 

1 for WFF-resolution (without partial unification) 

2 for WRUE (OPEN FORM) 

3 for WRUE (STROMS FORM) 

supply a value for ^METHOD -NUMBER^ s w.r.t (MEMBER d 2 3)) 
INPUT FROM USER --->2 


would you like next to attempt resolution of two wffs, 
if yes then give y else give no 
supply a value for WANT -TO -RESOLVE s w.r.t (MEMBER (Y N0>) 
input from USER y 

for the first wf f w.r.t. its posnihlt' selection for newt 
resolution, 

where in the following (eval set -of -possible-first -names) 
is.... flwPf-Sl lwff-7! lwff"6l) 
supply a value for MAME-OF-WFFl s 

w.r.t ( QUR "MEMBER ( EVAL S£ r -OF “PQSS 1 BLE -FIRST -NAMES ) ) 

INPUT FROM USER lwff-61 


for the name of second wff w.r.t. its possible 
selection for next resolution, 

where in the fallowing (eval set -of -possible -second -names) 


1 S M d « 

supply 
w. r . t 
INPUT 


(lwff-8! !wff-7i lwff-6l) 
a value for NAME -0K“WrF2 ii 

( OUR -MFMBER ( EVAL BET -OF ■••POES I PLF - BFCaMn -NAMES ) > 
FROM USER ! wff -7 I 


The names of two wffs which are to be tried for 
possible resolution are 
! w f f -6 1 
! wff -71 

( (-i P ) i f\> n ) ) 

I Rur. 

FALRF 


THf. NEXT' RC-SOLVFNT IS SIVEN BYs 
"I res -101 ...names... <01" 

" willt names of parent-wffs 

as ... 1 wff -61 and 1 wff -7 1" 


would you IJi^e i.uxt to a+iernpt; resolution 
if yes theft give y else give no 
supply a value fui WANT l(j 'RESOLVE ; w.r. 

INPUT FROM USER > ires-lO! 

s ufM ’ 1 y 'in o U 1 c r value , the va 1 ue i r e s - 1 0 t 
TNi'»UI !--R0M UBKK • --> y 


of two wffs, 
t (MEMBER (Y NO)) 
is inappr opr iates 


w.r.t. its possible selection for ne«t 


for the first wff 

resol ut ion, x 

where in the fCDllowing (eval set-of -possible-first -names. 

X ^ M M 

supply a value 


( 1 res-10 i 
for NAME -OF -WFF 1 


lwff-81 lwff-7! lwff-61) 



for the name of second wff w.r.t. its possible 
selection for next resolution, 

where in the following (aval se t ~of -possible -second~names) 
is... (Ires-lOi Iwff-S! Iwff~7l !wff-61.) 
supply a value for NAME--0F-WFF2 s 

w.r.t (OUR -MEMBER (EVAL SET -OF -POSSIBLE -SECOND -NAMES)) 
INPUT FROM USER ---•> i wff -81 

The names of two wffs which are to be tried for 
possible resolution are 
Ires -1.01 
1 wff -SI 

(((+ Q.) ((Q) ))) 

FALSE 

TRUE 


THE NEXT RESOLVENT IS' GIVEN BYs 
"lres-11, 1 ...names... FALSE" 

" with names of parenl, -wffs 

as ... Ires -101 and 1 wff -81" 


"The given theorem is valid" 

"The set of given wffs alongwith the seq of resolvents is s 

1. Iwff-AI ... standing for ... ((P) -> (Q)) 

2. I wff -7 1 ... standing for ... (P^ 

3. 1 wff -81 ... stciiiilLug for ... (Q) ) 

4. lres-101 ... standing for ... aTi 

5. Ires-ltl ... standing for ... F“ALSE 


would you lil-e next to attempt proving ANOTHER THEOREM, 
if yes then give y else give no 
supply a value for WANT-TO-PROVE-ANOTHER-THEOREM s 
w.r.t (MEMBER (Y NO)) 

INPUT FROM USER ---> no 
NIL 



GHUBfc;RT''S STEAMROLLER PROBLEM READS AS FOLLOWS! 


Wolves, foxes, birds, carerpi liars, and snails are animals. 
Grains are Plants, 

There exist wolves, foxes, birds, caterpi 1 lar s, snails, 
and grains. 

Every animal eats all plants or any smaller animal that 
eats some plants. 

Birds are smaller than foxes which in turn are smaller 
than wolves. 

Wolves do not eat foxes or grains. Birds eat cater pi 1 lars, 
but no snails. 

Caterpillars and snails eat ormiS nl-ints 


THE THEOREM TO BE PROVED: 

There is a grain eating animal that is eateh by another 
animal . 


Let the predicate symbols be defined as belowa 


WOLFlyJ 

EOXCx) 

BIRD(x.) 

CATELRPlLLAR(x) 
SNAIL (X) 
GRATNi'iO 
PI ANKx) 

AN J MAI (,i) 


LA I 0 ^ # 1 , y ^ 
GMALl FRt' X, V ) 


! X i s a WO 1 f , 

M X IS a fO/'C, 

! X i s a b 1 r d , 

s X IS a caterpillar, 

s X is a snail, 

s X IS a grain, 

s X is a plant, 

1 ! X is ari animal, 
s Xv eats y 

sx IS smaller than y 


The FOPC translation of the above problem, with negated 

LltntlUSiOT) IS 


(IN INTERNAL REPREOENTATION) : 


1 . 


3 . 


6. 


8 . 


C ( $un i V 
( (. $univ 
( ($univ 
( (*?iun i V 
(. ($univ 

(. (, ^uni V 

(, C ( (WOLF 


x)((WOLF x) “> 

x)((FOX xt -F- 

x)((BlRD x) -> 

xU (CATERPILLAR xt -i' 

X.U (SNAIL X) -> 

x)( (GRAIN xt -••• 

?c:L.UPQ) t (FOX •'■'cFOXY) 1 


(ANIMAL X) 
(ANIMAL x> 
(ANIMAL x) 
(ANIMAL x) 
(ANIMAL x) 
(PLANT x) 


)) 

1) 

)) 

)) 

)) 

)) 


? ((BIRD -''cTWEEDY) S< (CATERPILLAR TcMAGQIE))) 
S ((SNAIL PcSHMEY) Sc CQRAIN ?cSTAl.KY> » 

(($univ wl ((ANIMAL wt .-A-r-rv w i> 

( ($univ X) (( (PLANT x.) -> (EATS w x)J V 

(($univ yt ( ( (ANIMAL y> Sc (SMALLER y w) ) 

( (Sexist z .U ((PLANT z) & C EATS y 2)) - 

(PATS w y) ) > > ) >.' 


V 




(SMALLER 

X 

y 1 1 1 1 


11. 

(••■•'Ux ("’Uy 

( ( 

(BIRD 

X) 8., (FOX yll 


(SMALLER 

X 

y 1 1 1 1 

J 2 « 

CT'Ux (?Uy 

( ( 

(FOX 

xl & (WOLF yl) -•> 


(SMALLER 

X 

y 1 1 1 1 


13. 

CT'Ux (?Uy 

( ( 

(WOLF 

X) S, (FOX yl) ~> 


('"(EATS 

X 

y 1 1 1 1 1 

14. 

(?Ux (7Uy 

( ( 

(WOLF 

xl & (GRAIN yll - 


(""(EATS 

X 

y 1 1 1 1 1 

15. 

(?Ux (?Uy 

( ( 

(BIRD 

x) S. (CATERPILLAR 


(EATS X 

y 1 1 1 1 


L 6 . 

(?Ux (?Uy 

(( 

(BIRD 

x) t (SNAIL yll - 


('"(EATS 

X 

y 1 ) 1 1 1 



17 „ (?Ux ( (CATERPILLAR xl -> 

(?Ey ( (PLANT y) ^ (EATS x y)>))) 

18. (?Ux ( (SNAIL X) ■■> (?Ey ( (PLANT yl S; 



(EATS 

X y ) 1 ) ) 1 

19. 

('"( ?F!X 

(SMAL.LFR ;; 7CMAGGIE111 

20, 

('" CaJx 

(L'AfS x)l) 

21,. 

(( ?Ux 

( 

( ( AN 1 MAL X ) ~ ( "" ( PLAN 1x111) 8. 

■'Ux ( ( '" ( m. ANT X ) ) ( AN I MAL x ) ) 1 ) 

J.. 4. H 

('" (?Ex 
S. ((EATS 

(L'Ly ( (ANIMAL x) & ((ANIMAL yl 

X Yl & (?U 2 ((GRAIN ;:) -1 (EATS y zl Dll 11)1 


( ) 

" I wf f -1 I « . . names. , . 

(($U!\IIV (X , 111 ((WOLF (X . jl) ^ ANIMAL (X . I)))!" 

I, I. N « » « 

((ifeUMIV (X . 2)1 ((FOX (X . 21) (ANIMAL (X . 2)111" 

" ‘ wf f ~3 1 ... names. , . 

(fSUNTV (X . 01) ((BIRD (X „ 3) ) -> (ANIMAL (X . 31111" 

" ! w rf 1 ... narrife's. . » 

(($UNW (X . 4)1 ((CATERPILLAR (X . 4)1 (ANIMAL (X . 4)111" 
" ! wf f -L") 1 ... names. „ „ 

((SUMCV (X . Lj)1 (SNAIL (X . S)1 - (ANIMAL (X . 5)111" 


I w r f' "A I 


. „ . n allies. . . 


((SWMIV (X 6)) ((GRAIN (X . 611 


(PLANT (X . 61111" 


" I w rf "7 I ... names. » . 

( ( ( (WOLF ( ( SEWN L 'JIMJl I ) ^ ( F L;X ( i ‘N ON 1- OXY ' ) M 

S- ((BIRD (($FL;N I Wi-I- DY ) 1 ) S. ( CA I T Rl- fL.l.AR '' ('tPUN MAGGIE!) ))) 

R ((SNAIL, ((‘lirWM SI LMIY))) (GRAIN ( ' Sf UN STALKYlllll" 

M |yff..9j iiaiiK-:' ''(SUMW (W . R) ) ((ANIMAL (W , 8)1 -1 

(($UNW (X . 9)1 (((F'i.ANi (X . Gl) 

(EATS (W . 8) (X . R))) 

V (($UNIV (Y . Bll (((ANIMAL (Y . 811 S< 

(SMAL.LER (Y . 8) (W . 8)1) 

S. ((SEXIST (7 . 8)) 

(((PIANT (Z . 81) S, (EATS (Y . 81 (Z . 8111 

(EATS (W . 8) (Y . Slllllllll)" 

"'"^^((fUNIv' (x"!'Tr)' ((^UNIV (Y , 911 (((CATERPILLAR CX . 91) 
\'(BiRD (Y . 91)1 -> (SMAIXER (X . 91 (Y . 91)111" 


II j 


wff"I01 ... names... 

(($UN1V (X . 1011 (($UNIV (Y . 

8,! (BIRD (Y . 101)1 •“> (SMALLER (X 


(((SNAIL (X 
. 101 (Y . 


. 10)1 
10)1)11" 



... names. „ , 

^t^UNIV (X . 12)) (($UNIV (Y . 12)) (HFOX (X . 12)) 
a. (WOLF (Y . 12))) ~> (SMALLER (X . 12) (Y . 12))))) 
"!wff“i3! ... names, . , 

(($UNIV (X . 13)) (($UNIV (Y . 13)) (((WOLF (X , 13)) 

& (FOX (Y , 13))) ~> ("■' (EATS (X . 13) (Y . 13)))))) 
"lwff"141 .names., , 

((^UNIY (X . 14)) (($UMIV (Y , 14)) (((WOLF (X . 14)) 

a- (GRAIN (Y . 14))) ~> (^^ (EATS (X . 14) (Y . 14)))))) 
"iwff"151 ...names... 

((iSUNIV (X , IS)) (($UNIV (Y , 15)) ( aSIRD (X . 15)) 
a (CATERPILLAR (Y . IS))) (EATS (X . 15) (Y . 15))))) 
"!wff~lAl ...names... 

((WNIV (X , 16)) (($UNIV (Y . 16)) (((BIRD (X . 16)) 
a (SNAIL (Y . 16))) ('' (EATS (X , 16) (Y . 16))))))" 

"lwff-171 ...names... 

(($UNIV (X 17)) ((CATERPILLAR (X , 17)) 

"•> (($EXIST (Y . 1/)) ((PLANT (Y . 17)) a 
(EATS (X . 17) (Y , 17) )))))" 

"!wff“18! ... names. . . 

(($UNIV (X „ IS)) ((SNAIL (X „ IS)) 

■■> (($EXIST (Y . IS)) ((PLANT (Y . 18)) a 

(EATS (X . 18) (Y . 18))) )))" 

"luff -191 « » » n8iTi8i3 « » H 

('■•' (($EXIST (X . 19)) (SMALLER (X . 19) ^ ($FUN MAGBIE))))) 
"lwff"20i ... names... 

(" (($UNIY (X , 20)) (EATS (X . 20) (X . 20))))" 

" I wf f "21 1 ... names. , . 

((($UNIV (X . 21)) 

((ANIMAL (X . 21)) “> C~ (PLANT (X . 21))))) a 

(($UNIV (X . 22)) ((~ (PLANT (X . 22))) "> 
(ANIMAL (X . 22) ).)))" 

"lwff-221 ...names... 

('■' (($EXIST (X . 23.)) 

(^ -SEXIST (Y . 23)) ((ANIMAL (X . 23)) L 

((ANIMAL (Y , 23.)) a ((EATS (X . 23) (Y . 23)) 
a (($UNIV (Z . 23).) ((GRAIN (Z . 23)) ■ ■■ 

'.FATS (Y . 23) (7 . 23))))))))))" 


The names of two wffs which are to be tried for 
possible resolution are 
1 wff -ai 
! wf F-71 


THE NEXT REBOl VFINT 
"ires -241 ... .naines 

with names of parent 


B GIVEN BY; 

(ANIMAL 
wPfs as ... 


((*FUN TWEEDY)))" 
iwff-31 and 


wf f ■ 


The names of two wffs which are to be tried for 
P osG i b 1 r p GO 1 u t i oil 8r si 

1 wff-41 

Iwff'-yi 

THE NEIXT RESOLVENT IS GIVEN BYs 
"ires "25! ...names... (ANIMAL 

with names of pareni-wffs as 


((fFUN MAGGIE)).)" 
.. lwff-4i and 


lwff-71 " 



mt-; NEXT RESOLVENT IS 0IVEN BYs 

"!r6'S“26! ...names... (EATS ( ($FUN TWEEDY) ) ( ($FUN MAGGIE) )) " 

with names of parent-wffs as . . . iwff-15! and iwff-7!" 

The names of two wffs which are to be tried for 
possible resolution are 
lwff“22i 
I r es-24 I 

THE NEXT RESOLVENT IS OTVfM BY:; 

"lres~27! ...names... ('' ((SKXIST (Y , Si)) ((ANIMAL (Y . 31)) 

((EATS (($FUN TWEEDY)) (Y . 31)) & 
(i$UNIV (2 . 23) NIL) ((GRAIN (Z . 23)) -> 

(EATS (Y . 31) (Z . 23))))))))" 
with names of parent-wffs as ... iwff-22! and Ire 5 - 24 i’’ 

WITH CHOICE (ANIMAL (X . 31)) 


The names of two wffs which are to be tried for 
possible resolution are 
1 r es “25 ! 

!res“271 

Till Ml" XI RCnDl.VENI IS GIVEN BY; 

" I res' T'G 1 ... names. . # 

('•' ((EAIU (($FUN TWEEDY)) ((SFUN MARGIE))) ^ 

(($UNIV (Z . 23) NIL) UORATN (Z . 23)) “> 

( EATS ( ( 34' UN M ART ) J T, ) ) ( Z . 23 ) ) ) ) ) ) " 
with names of parent-wffs as . . . iruo-Vb! and lres-271" 


The names of two wffs which are to he tried for 
possible resolution are 


Ires -23 I 
1 res “26 ! 

THE NEXT REbDI VC NT IS GIVEN BY; 

"!re'--2Vl n lines. . . (^$UNIV <i .. 23) NTl ) 

(M-lilAlM f? . 23)) • H'AIG ( ($FUN MaGRH:)) (/ . 

w 1 1 h n-iiiies nf pai sti L "Wf fs as »■» Ires "231 and 


IT) ) ) ) !)"■ 
Ires -26 1 " 


WITH CHOICE (EATS TWIDY MAGGY) 


The names of two wffs whirh arc to be tried for 

possible resolution ate 

lwff"8! 


ires - ..C.D 1 

THE NLX'I' RESOL VL Ml 
" i res 30! ... names, 


IS GlVl’N BY 
, , ( ($UNIV 

(EATS 
( ($UNIV 
(SMALLER 
(($EXIST (Z 


(X . 37)) (((PLANT (X . 37)) ~> 

(($FUN MAGGIE)) tX . 37))) V 
(Y . 37.)) (((ANIMAL (Y . 37)) 

(Y . 37) (($FUN MAGGIE)),)) 

8) NIL) (((PLANT (Z . S)) & 


(EA'IS (Y . 37) (Z „ 8)).) - 
(EATS (($FUN MAGGIE)) <Y . 37))))))))" 
with names of parent-wffs as - . - iwff-S! and!res-2S. 


The names of two wffs which are to be tried for 
possible resolution are 
i wf f-61 



fGRAIN a . 40).n V (fEATS (($FUN MAGB]'E>) (X . 40)) V 
a*UNIV (Y „ 40)) (((ANIMAL (Y . 40)) L 
(SMALLER (Y . 40) ((^FUN MAGGIE)))) a 
(($EXIST (Z . 8) NIL) (((PLANT (Z . 8)) S. 
(EATS (Y . 40) (Z . 8))) -> 

( EATS ( ( $FUN MAGG IE)) ( Y . 40 ) ) ) ) ) ) ) ) ) " 


with names of parent-wffs as lwff~61 and ires~30!" 


WITH 


CHOICE 




(PLANT ( X ,40)) 


The names of two wffs which are to be tried for 
possible resolution are 
1 r es“29 I 

I res ""SI 1 

TIC NF.XT RESOLVENT IS GIVEN BYs 
"lres“32! „,.namrs.,. 

((i^EXlST (Z , 23)) ((EATS (($FUN MAGGIE)) (Z . 23)) V 
(($UNIV (Y . 42)) (((ANIMAL (Y , 42)) S- 
(SMALLER (Y . 42) ( ($FUN MAGGIE) )) ) & 

((tiEXIST (Z , 8) Nil.) (((PLANT (Z . 8)) & 

(EATS (Y . 42) (Z . S))) -> 

(EATS (($FUN MAGGIE)) (Y . 42))))))))" 
with names of parent -wffs as I res “29! and !res“3i I " 


The names of two wffs which are to be tried 
passible resolution are 
i reffi'^32 ! 
i r *^29 ! 

THE NEXT RESOLVENT IR GIVEN BYs 
I r 1 » « » narnas^ . » 

((SUN IV (Y , 43)) (((ANIMAL (Y . 43)) 

' (5MAIJ„1;R (Y , 43) (($FUN MAGGIE)))) 
((SLXIBT (Z , 8) NIL) (((PLANT (Z 
^EAI'R (Y . 4s3) f'l , 0))) -> 

( F,:A f 3 ( ( UN MAGO 1 b ) ) < Y , 43 ))))))" ^ 
with names of par ertt --wf fs as lres-321 


for 


S4 

, 8 ) ) & 


and lres-29t" 


WITH CHOICE (EATS MAGGI (Z .23)) 


The names of two wfFs which are 
for possible 1 asolution are 
!wf r - 19! 

1 res -33! 

THE NEXT RESOLVENT IS GIVEN BYs^ 
" ! reS"'34 I ... nairies, , , FALbE 
with names of parenl-wffs as 


to be tried 


!wff-19i and 


! res“33 


1 li 
I 


"The given theorem is valid" 

, n ■ I'jc-r- airinnui + h the seR of rBSOlvents is j 

"The set rsf given wffs alongwiin -naw 


OUR METHOD USES ONLY gYION^SlNG^SlT^RSot, UTIDN 

AMY STRATEGY, WHEREAS CLAUSAL RhSOLUriON VSINO uni t 
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